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Abstract—We address the statistical filtering problem in dy-
namical models with jumps. When a particular application is
adequately modeled by linear and Gaussian probability density
functions with jumps, a usual method consists in approximating
the optimal Bayesian estimate (in the sense of the Minimum
Mean Square Error (MMSE)) in a linear and Gaussian Jump
Markov State Space System (JMSS). Practical solutions include
algorithms based on numerical approximations or on Sequential
Monte Carlo (SMC) methods. In this paper, we propose a
class of alternative methods which consists in building statistical
models which, locally, similarly model the problem of interest,
but in which the computation of the MMSE estimate can be be
computed exactly (without numerical nor SMC approximations)
and at a computational cost which is linear in the number of
observations.

Index Terms—Jump Markov State Space Systems, Hidden
Markov Chains, Pairwise Markov Chains, Conditional Pairwise
Markov Chains, NP-hard problems, exact Bayesian filtering.

I. INTRODUCTION
A. Background

ET {y.}r>0 € RP be a sequence of observations and

{xk}r>0 € R™ a sequence of hidden states (as far as
notations are concerned, we do not differ random variables
(r.v.) and their realizations; bold letters denote vectors; p(x),
say, denotes the probability density function (pdf) of r.v.
x and p(x|y), say, the conditional pdf of x given y). Let
Xo.k = {X: }¥_ and yo.r = {yi}F_,. We address the Bayesian
filtering problem which consists in computing (an approxi-
mation of) p(x,|yo.,) and next in computing a moment of
this pdf. In this paper we directly focus on the recursive
computation of

B = E(f(xi)lvoa) = [ foxpbalyna)de.
where f(x) = x or f(x) = xx'.

Computing &y, is of interest in many applications such as
single- [1] [2] [3] or multi-target tracking [4], finance [5] [2]
and geology [6]. These applications are best modeled when
in addition to {x;} and {y}, we introduce a third sequence
{rk}r>0 in which r, € {1,---, K} is discrete and hidden,
and models the regime switchings. In this case, the underlying
model is mostly described by two pdfs f;;_q(x;[x;—1,7;) and
9i(yilxi,mi). Pdf f;;_1 describes the dynamical evolution of
the hidden state over time when regime r; is known, and g;
models how the observation y; is produced from state x; under
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regime r;. From now on, we assume that pdfs f;;_; and g; are
given and have been chosen in accordance with the considered
application.

One should still specify the joint probability model for
{Xk, ¥k Tk }e>0- A well known model which is directly built
from pdfs f;;_1 and g; is the so-called JMSS, i.e. a model
where the joint pdf of (xo.x,Yo0:k, Fo:x) reads

k
P (Xo:k, Youk, To:x) = p' (r0) H;Dl(ri|7“¢71) X
i=1

pt(ro:r)
k k

p' (%olro) H fijio1(xilxi—1, 1) Hgi(Yi|Xia ri). (2
i=1 i=0

pt(x0:k[r0:%) P (Yo:k|X0:k,T0:k)

This model is popular because it directly takes into account
the physical properties of interest, and it reduces to a Hidden
Markov Chain (HMC) model when the jumps rg.; are fixed.
Note that in this model, we assume that the jumps are a
Markov chain (MC).

Unfortunately, computing @ in a JMSS model is impossi-
ble in the general case, i.e. when f;;_; and g; are arbitrary
functions, and is still NP-hard in the linear and Gaussian case
[7], i.e. when functions f;;_; and g; satisfy

fifi—1(Xi|xi—1, 1) = N(xi; Fi(r)xi—1; Qi(r3)),  (3)
9i(yilxi,mi) = N(yi; Hi(ri)xi; Ri(r)) 4)

(N (x; m; P) is the Gaussian pdf with mean m and covariance
matrix P taken at point x). From now on we focus on the lin-
ear and Gaussian case, since even in this case approximations
are necessary. A number of suboptimal methods for computing
®j, in linear and Gaussian JMSS have been proposed so
far. First, based on the observation that p'(xx|yo.x) is a
Gaussian Mixture (GM) which grows exponentially with time,
numerical approximations such as pruning and merging have
been studied [8]. A second class of approximations is given by
the Interacting Multiple Model (IMM) [9] [10] [11]; roughly
speaking, a bank of Kalman Filters (KF) are used for each
mode 7 and their outputs are combined according to the
parameters of the model and to the available observations.
As an alternative to numerical approximations, a more recent
class of methods is based on the use of Monte Carlo samples
and Particle Filtering (PF) [1] [12] [13] [14]. A set of weighted
random samples {r{,,wi}Y, approximates p'(ro.x|yo:x),
while p!(x0.x|r0:x, Yo:x) is a Gaussian pdf computable via
KEF, which leads to the following approximation of the pdf of



X0:k giVen yo.x:
N
P! (%o lyor) 2 wi(xh )N (%o 1 (xh,,); Pr(rhg)-

i=1
(&)

Monte Carlo methods have suitable asymptotical convergence
properties [15] [5] [16] but may require a serious com-
putational cost, since at least a KF is computed for each
particle (one has to compute my(r,) and Py(r,)), and
for the computation of weights {wy(r}., )} ;. Finally, some
recent contributions focused on JMSS in which the transition
probabilities p!(ry|r,_1) are only partially known [17] [18].

B. Contributions of this paper

Let us now turn to the contents of this paper. We as-
sume that we are given p! (ry|ri_1), Jrlo—1(Xk|Xx—1,7%) and
9k (Y& |Xk, 7). By contrast with the methods recalled in §I-A,
we no longer try to approximate the computation of ®; in
the JMSS model pl(.), but rather want to build statistical
models p?(.) which, locally, model the problem at hand as
p! does, but in which ®; can now be computed exactly and
efficiently. More precisely, our problem can be formulated
as follows. Assume that (3) and (4) efficiently model some
practical problem of interest. Then we look for a joint pdf
p?(X0:k, Yo:x, To:k) such that:

D pA(xilxi—1,7) = fijio1 (%] Xiz1,73);

i) p*(yilxi,ri) = gi(yilxi,r:); and

iii) ®; can be computed exactly (i.e., without resorting

to any numerical or Monte Carlo approximations) and
efficiently (i.e., at a computational cost linear in the
number of observations).

Let us now describe the methodology that we use to build
such a pdf p?(.). We use a two-step procedure. First, we fix the
jumps ro.; and thus only consider process zo.x = (Xo:k, Yo:k)-
When the jumps are fixed, JMSS models reduce to classical
HMC models, described by pdf

k k
P! (zox) = p' (x0) [ [ firim1(xilxin) [ i (yilxi):  ©)
i=1 i=0

p(x0:k) 2! (yo:k|Xo0:k)

since model (6) is moreover linear and Gaussian, ®; can
be computed exactly via the KF. Adapting the objectives
above, our first goal is to compute a class of statistical
models p?(zo.x) (not necessarily HMC ones) in which i)
PA(xilxi—1) = fijim1(%ilxi—1), i) p? (ys|xi) = gi(yilxs), and
iii) the computation of ¢, in (1) would remain possible. Our
construction relies on Pairwise Markov Chains (PMC) models
[19] [20], which are more general statistical models than HMC
ones and yet still enable similar Bayesian processing.

Next, in the particular class of PMC models obtained,
we reintroduce the jumps in order to obtain a class of
conditionally linear and Gaussian PMC models which keep
the physical properties of interest f;j;_1(X;|x;—1,7;) and
9i(yilxi, 7). Among these models, we discuss on those in
which {p?(ri|yo:x), E(Xk|yo:x, ) }E 1 can be computed re-
cursively exactly and efficiently (at a linear cost in the number

of observations) by the exact filtering technique recently
proposed in some triplet Markov chain models [21] [22];
finally & is computed as

O = > P*(relyor) EXnlyon, 7)- @)
Tk

The paper is organized as follows. In section II, we first
drop the jumps and build a class of linear and Gaussian
PMC models which all share given properties. Next in section
III, we reintroduce the jumps and we address the sequential
filtering problem in such dynamical models. So we describe
a class of conditionally linear and Gaussian PMC models
which keep the physical properties of interest. Among this
new class of models, described by two parameters, we look for
those in which ®;, can be computed exactly by the technique
described in [21] [22]. Finally, in section IV, we illustrate
our methodology step by step on a practical example and
we perform simulations. Our method is compared to classical
approximating techniques such as the Sampling Importance
Resampling (SIR) algorithm [1] and IMM algorithms [9]. We

end the paper with a Conclusion.

II. A CLASS OF PHYSICALLY CONSTRAINED PMC MODELS

In this section we drop the dependencies in the jump process
{rk}r>0. So we start from given properties f;;_1(x;|x;—1)
and g;(y;|x;), which in turn define the HMC model p'(.) in
(6), in which @, can be computed exactly via KF since f;;_1
and g; are Gaussian. Our aim here is to embed p!(.) into a
broader class of models {p??}gco (ie., p* = p>% for some
6o), which all share the properties of the root model p! (i.e.,
PP (xilxio1) = fiima(xilxio1) and p*>?(yilxi) = gi(yilx:)
for all #), and in which ®; can still be computed exactly
whatever 6. Such models are described in section II-B, and
are indeed particular PMC models, which we briefly recall in
section II-A. The interest of family {p*%}gce will become
clear in section III, when we reintroduce the jumps.

A. A brief review of PMC models

In the HMC model (6), it is well known that {x}ir>0
is an MC, and that given xq.;, observations {y;} are in-
dependent with p'(yi|xox) = p'(yilx:) = gi(yilxi). On
the other hand, a PMC model is a model in which the pair
{zr = (Xk,¥k)} k>0 is assumed to be an MC, i.e. a model
which satisfies

P2 (%0, ¥ilXo:i-1, Yo:io1)=Pj; 1 (Xi, ¥ilXi—1,¥i-1) ®)
=p*(%i|2i—1)P* (¥ilXi—1:4, Yi—1)9)
Therefore, in a PMC model, pdf of (x¢.x, yo.x) reads

k
P (Xo:k, Youk =p” (X0, yo) Hp?u—l(xiaYi|x7‘,—17}’i—1)~ (10)
i=1
One can check easily that the HMC model is indeed one
particular PMC, because from (6), p' (x;, ¥4 |X0:i—1, Yo:i—1) =
Jiji—1(Xi|xi—1) 9i(yilx:). So (8) is satisfied, and moreover the
two factors in (9) respectively reduce to

Y
12)

fui—1(Xz‘|Xz‘—1),

gi(}’i|xi)-

pl(Xi|Xi—17 Y¢—1)
pl(}’i‘xhxi—h}’i—l) =



Now in a general PMC model (8) is satisfied, but
p?(x;|x;_1,yi—1) may depend on both x; 1 and y; 1, and
p*(yilxi, Xi—1,yi—1) may depend on x;, x;_1 and y; 1.
One can show that in a PMC model, {xx}r>0 is no longer
necessarily an MC, and/or given X, observations y; can be
dependent [23].

As an illustration let us consider the classical state-space
system

13)
ye = Hpxy + vi, (14)
in which {uy, ~ N (.;0; Qi) }x>1 and {vi, ~ N(;;0; Ry) } >0
(in this paper, we assume that all covariance matrices are
positive definite) are independent, mutually independent and
independent of r.v. xo ~ N (.;mg; Pg). Model (13)-(14) is a
Gaussian HMC model with
P! (Xl xp—1)=Frpp—1 (e [xp—1) =N (x5; Frxp—1; Qx), (15)
P (ye|xe) =gr(yrlxe) =N (yi; Hixp; Re), (16)

and as such is a particular PMC model, in which the initial
and transition pdfs of MC {(xy,yx)}x>0 read

1 (HoPo)”
p ( (ZO)|: R0+HOPOHg s (17)
pk|k 1(2Zk|z1—1) =

xp = Frxp_1 +uyg,

]'{HOPO

ZL; Fk 0 Zp Qk (Hka) (18)
" HF, O UIH,Qr Ry + H,Q:H} |-
This linear and Gaussian HMC model (13)-(14) (or equiva-

lently (17)-(18)) appears as a particular model of the class of
linear and Gaussian PMC models defined by:

p*(20) = N (z0; my; Py), (19)
) Fi F2 211 »n21”
Pk|k—1(zk\zk—1):/\/ Z; {HllC Hz} Zk—1; [221 2%2 ]
B pI%
(20)

Finally, let us recall that in linear and Gaussian HMC models
(17)-(18), &, in (1) can be computed via the KF, and that KF
is still available in linear and Gaussian PMC ones [24, egs.
(13.56) and (13.57)] [25].

B. A class of constrained PMC models

We now derive a general class of linear and Gaussian PMC
models p??(.) in which locally pdfs p>?(xg), p*? (xx|xx_1)
and p? (yy|xs) respectively coincide with given pdfs p*(xo),
(15) and (16). We have the following result (a proof can be
found in [26, Appendix B]).

Proposition 1 Let p'(xq) = N(xo; mg; Py), and for all k let
Jrjk—1 and gi be given by (15)-(16). The linear and Gaussian
PMC models (8) (19) (20) described by

2,0/ \_ | mo || Po (HoPo)T
p (ZO)_N <ZO7|:H0m0:|7|:H0PO ]R‘(ﬂ‘H()]?OHg1 ’ (2])

CYE|Xk—1, YE—1),

pi]z,l(zk\qu):/\f(zk; Brzi_1; %), (22)
where matrices By, and Xy, are defined by
F, —FiH; F?
B kL 23
k= [Hka—H °H,_, H’ (23)
211 221
T = Qi — FiRy 1 (F})T, (25)
it = HyQy — HiRy1(F})T, (26)
2 =R, -H:R,_1(H)T+HQ(H)T, @27

and where parameters 0 = {(F2 , H2)},>1 can be arbitrarily
chosen, provided Xy is a positive definite covariance matrix
for all k, satisfy the constraints

p*’(x0) = p'(x0), (28)
P (xklxe—1) = frpo1(klxi—1), (29)
P (yelxk) = gr(ynlxw). (30)

Remark 1 Let us now discuss properties of the constrained
PMC models {p*%}gco described in Proposition 1.

First, if H2 = H,F?, from classical Gaussian results (see
Appendix A), p*(yi|Xk—1,Xk, Y1) reduces to gi(yr|X)-
If in addition F3 = 0,,xp, P*(Xk|Xk—1,yk—1) reduces to
Jrlk—1(Xk[Xr—1) and in this case the PMC model reduces
to the classical HMC model (17)-(18) (i.e., p' = p>% with
o = {(Fi = OMvaHz = Opo)}k21)~

We now turn to invariance properties of family {p*%}gce
(proofs of (31)-(34) can be found in Appendix B). First,
p>? (X1, yr|Xr_1) does not depend on 0: for all 0,

20 = p" (Xk, Y& |XK—1)

= fuph—1(Xn|Xp—1)gx (Y& [XR)-

p XkaYk|Xk71)

€19

However, note that in an HMC p'(xi,yx|xk_1) = p'(xx,
while in general p*%(xy, yrlxn_1) #

p>? (X1, Y|Xk_1, Yr_1) . Let us turn to global properties

of p*?. We have
k
P> (xow) = p'(x0) [[ fiicr(xilxicn),  (32)
i=1
P (yelxon) = grlyrlxe)- (33)

From (32), whatever parameter 6, {xy}r>0 is an MC with
given pdf p'. Finally p*°(xo.k,yo.k) only differs through
p2’0(yo:k\xo:k), which in a general PMC model reads:

k

P*? (youk x0:)=p> (yolxoe) [ [ 2™ (vilyio1, Xi—16). (34)
i=1

III. AN EXACT FILTERING ALGORITHM IN CONSTRAINED
CONDITIONAL PMC MODELS

We now reintroduce the jumps in the PMC model. In section
III-A we first describe a class of models which locally coincide
with (3)-(4); in section III-B we extract out of this class
models for which the computation of ®; does not rely on
any approximation technique.



A. Constrained conditionally linear and Gaussian PMC mod-
els

Let {rg}x>0 be a discrete MC and let Fi(.), say, be
shorthand notation for F,lc(rk,l; %). From now on we consider
models p?(zo.x, o) defined as :

p2(20:k,1”0:k) = p2(7’0)><

k k
HPQ(T1‘|T1‘—1)p2(Z0\7‘o)Hp?|i_1(zi|zi—17ri—1:i), (35
i=1 i=1
P*(zolro) = N (zo; mj(ro); Ph(ro)), (36)
Pi|k—1(zk|zk—1,1‘k—1:k) =
Fi() F3() s z=2)”
N |z ;[ k Yz | 2E N kv . (37
“lalo) mol " spg =20 |97
B (rk—1:%) Sk(re—1:k)
So given rg., Zox 1S a linear and Gaussian PMC

model (10), (19) and (20). Note that the JMSS model
(2)-(4) is one particular model (35)-(37), obtained
if pim,l(zk\qu’rkq:k) = fupp—1(Xe|xXp—1,78) ¥
9k (yr|xK, m8), e if F}(rp_1) = Fi(rg), F2(rp—1.4) = 0,
H)(rp—11) = Hi(rg)Frlre), Hi(rp—1x) = 0,
S re—1nk) = Qure), Bit(re—1k) = Hi(re)Qul(re)
and Eiz(rk—l:k) = Rk(rk) + Hk(’l“k)Qk(Tk)Hk(’l“k)T.

Among models (35)-(37), we now look for those such that
MC p?(ro.x) coincides with p!(ro.;) and, locally, the given
properties of interest (conditions i) and ii) in section [-B) are
satisfied. We have the following result.

Proposition 2 Let p'(xg|ro) = N (x0;mo(r0); Po(ro)), and
for all k, fijp—1(Xk|Xx—1,7%) and gi.(yx|Xr, %) given by (3)-
(4). The conditionnally linear and Gaussian PMC models (35)-
(37) described by

20 (rlri—1) = p* (r|ri—1), (38)

p*?(z0|ro) = p* (x0|70)90(yolx0,70), (39
pi"i,l(zklqu,I‘kf1;k)=/\/’(zk;Bk(-)Zk71;Ek(-)), (40)

p

where matrices By (rg_1.) and X (ri—1.1) are defined by

{ Fi(ri) — FR(rh—1)Hp_1(rp—1) Fi(rk—u«)]
Hy(rg)Fr(ri) — Hi(vp—1)Hg1(re—1) Hi(rr—16)|’
41)
_ 2 (re—k) EQl(rkflzk)T
zk(rkflzk) - |:2%1(I'k;_1;]€) g%Q(I'k_l:k) , (42)

T
S (rro1n) = Qulre) — Fi(rr—1) R 1 (re—1)Fr(ra_1)

(43)

S (p—1k) = Hy(re) Qi(rs)
— H3(reo 1) Ripot (rem ) F2(rpm) o (44)
S22 (rh—1k) = Ri(r) —Hi (th—1.0) Rio—1 (re—1) HE (v 1:8)
+Hy () Qi (i) Hi (1), (45)

T

and where parameters F%(rk,lzk) and H%(rk,lzk) can be
arbitrarily chosen, provided Xy (r—1.x) is a positive definite
covariance matrix for all k, satisfy the constraints

p*(rox) = p'(row), (46)

p* (x| xk—1,7k) Jopp—1 (Xk|Xp—1,78),  (47)

PP (yklxe ) = gr(yrlxeTe). (48)

Proof: The proof would be straightforward
from that of Proposition 1 if the constraints were
46), p*’(xplxp—1,v0k) =  frpp—1(Xe|xx—1,7%) and

p>? (yi|Xe,To:x) = gr(Yk|Xk,7%). Once these constraints

are satisfied p>?(xi|xp_1,70.x) = p>?(xx|xx_1,7%) and
p2’9(yk\xk,r0:k) = pz’e(yk|xk,rk), whence Proposition 2.
| |

Remark 2 The models of Proposition 2 inherit the invariance
properties of those of Proposition 1 (see Remark 1). Pdfs
P? (2w |xk—1, Th1) = ' (Zk|Xk—1, Ti) and p*® (xo.k, Tour)
do not depend on 0: for all 0,

Q’Q(XO:k,I‘O:k) = pl(XO:karO:k) =

k k
p'(ro) le(ri|7“i—1)p1(xo\7“o) H fiji—1(xilxi—1, 7). (49)
i=1

i=1

p

However by contrast with classical JMSS models, in general
p* (yo:x|Xo:k: Tour) reads
p279(YO:k|XO:k7 rox) = pQ’G(YO|X0;k7 ro.x)X
k
HPQ’G(YHXFLk,yzel,I"iq:k).

i=1

(50)

B. Exact Filtering in a subclass of constrained conditional
linear and Gaussian PMC models

1) Main result: The problem we address now is the com-
putation of ®j in (1) in the class of constrained conditionally
linear and Gaussian PMC models described by Proposition
2. Of course, ®; is not computable in all of these models;
otherwise, computing ®;, would also be possible in the linear
and Gaussian JMSS p'(zg.x, To.x) since p!(.) coincides with
the particular setting F7 (rj_1.x) = 0, H} (rj_1.) = 0. How-
ever, we now see that for a particular setting of H? (ry—1.x)
in (41)-(45), the computation of ®; at a linear computational
cost becomes possible. Let

Cr(rr_1x) = Fr(ri) — Fi(rp1.6)Hi_1(ri_1), (51)
Dy (th—14, Yi-1:) = Fr(th10)¥r-1 + (B2 (rp_1.4)) T x

(2 (k1) (v — HE(Th—1:6)¥k-1), (52)
SX(rpo1k) = B (rr—1k) — (B3 (rp—18)) " X
(B (re—1:2) " 7 (tp—1:k)- (53)

We have the following result (a proof is given in Appendix
O).

Proposition 3 Let p*(.) be a constrained conditional linear
and Gaussian PMC model (38)-(45) of Proposition 2. If

Hy, (re)Fr(re) — HE(rp—1.6)Hyp—1(r—1) = 0 (54)



then
2,0 _ CEY2 . §122
P (YElYk—1,Th—1:6) =N (Y Hy (Ch—1:0)Yr—1; 25 (Cr—1:%) ),

and p*° (ri|yor), B(Xk|yorrx) and B(xpX] |yo.x, ) can

be computed recursively via (here N (.) stands for numerator)

P> (rilyor) =

o, POl )p? (Yl ye—1, vh—1)p*? (Fe—1[yo:e—1)
ZT}c N(rk—lzk) '

(55)
PQ’G(Tk—l‘TkaYO:k) =
2.0 2 2,0
P2l (r]re—1)P? (Yk Y k=1, Th—1:2)07 (Ph—1]Y0:k—1)
. (56)
Yo N(rr—1k)
E(xk Yok, mk) = D 0*" (rk-1|re, our) (Cr (1) X
Tk—1
E(Xp—1]y0:k—1,Tk—1) +Dr(Tr—1:ks Yi—1:k)), (57)

E(cxt [yok i) = 07 (re—1|res youx) X (S5 (eh-16)+

Th_1
Cr(Th—1:6)B(xe—1%_1[yo:k—1,7%—1)Cr (To—1:6) "
+ D (rr—1k Yi—1:6) E(xp—1[yoe—1,7%—1)) " Cr(Th—1:k
+ Cr(re—1:6) E(Xk—1]Y0ik—1, 7h—1) D (Th— 10, Yo—1:6) "
+ Di(Ch—1iks Y1) Dr(Ch— 15 Yo—1:6) T )- (53)

)T

Finally ®;, can be computed as (7).

Remark 3 Let us briefly explain why ®; can be computed
with a cost linear in the number of observations. Of course,
in models of Proposition 2

P>’ (xk b’o:k)zz P>’ (ronlyor) P20 (Xk|youm> Tom) 5 (59)

rosk N (<k5m (0. )i Sk (Fok))

for given ro.i, each Gaussian can be computed, yet in general
p>?(x1|yo:x) is a GM which grows exponentially (even if (54)
is satisfied). Let us however turn to expectations. From (59)

o= > p(roxlyor)mi(rosr). (60)
rep_1:k Yo:k—2
The aim is to compute (60) from p*°(ry,_1|yo.r_1) and

Bk 1lyor-1,m-1) = Y P (rok—2|Yor—1,75-1) X

ro:k—2

my_1(rox—1) (61)

which are assumed known at k—1. If condition (54) is satisfied,

my(ro.r) = Cp(rr—1:0)mMi_1(ro:k—1) + Dr(Tr—1:0, Ye—1:1)-

(62)
in which Cy(rg_1.1) and Dy (vr—1.k, Yk—1:k) are respectively
given by (51) and (52). On the other hand, (54) implies that
(Yk,rr) is an MC, so

2,0 2,0
b~ EyTk|Yk—1,Tk—1 )P \Tk—1|Y0:k—1
p279(r0:k|y0:k): (y |y N) ( |y )X
Zrk—l:k (rk—lzk)
pQ’Q(TO:k_2|YO:k—1,Tk—1) (63)

(again N (.) stands for numerator). Plugging (63) and (62) in
(60) we see that the sum on rq.;,_o has already been computed
since (61) is known. So computing (60) only requires a sum
on re_1:k-.

2) Summary and algorithm: Let us summarize the dis-
cussion so far. We have proposed a class of condi-
tionally linear and Gaussian PMC models p??(zq.x,ro.1)
(35)-(37) which locally coincide with physically rele-
vant pdfs, ie. which satisfy p?%(rgx) = p'(ros),
P> (xp|xk—1,m6) = N(xp;Fr(ri)xe—1; Qr(re)) and
PO (yilxk ) = N(yw; Hi(rr)xg; Ri(rg)) for given
Fk(T’k), Hk(’l’k), Qk(rk) and Rk(Tk), and in which q)k
can be computed exactly (no Monte Carlo nor numerical
approximations are needed) at a computational cost which is
linear in the number of observations.

The algorithm is as follows. At time k — 1, we
have  p*?(rp_1lyow—1),  E(Xk—1|lyos—1,7%—1) and
E(xr-1xi | |yok—1,7k-1); for rp_14 € {1,---,K} x
{17. .. 7K},

S.1 Deduce the class of conditionnally linear and Gaussian
PMC models parametrized by F%(rk,ltk), Hi(rk,lzk)
using Proposition 2;

S.2 Choose H (ry_1.) satisfying (54);

S.3 Compute matrices Cg(rip—_1.x), Dr(re—1.k,Yx—1.%) and
¥ (rp—1:x) in (S1)-(53);

S4 Compute  p**(rylyou),
E(xkx;‘g\yo;k, ri) via (55)-(56).

Finally, compute E(f(xx)|yo.x) via (7).

E(xxlyo:r, k) and

C. A particular application: approximate computation of @y,
in a linear and Gaussian JMMS

Until now, we have proposed a class of conditionally linear
and Gaussian PMC models parametrized by F%(rk,lzk) in
which ®; can be computed exactly, and which share given
properties of interest. Now, remember that the linear and
Gaussian JMSS p!(.) shares those properties as well. So in
this subsection we focus on the approximation of ®; in a
linear and Gaussian JMSS p!(.) via the exact computation of
®;, in some model p>?(.) # p'(.) but belonging to the same
class. We thus assume that the data indeed follow (2)-(4) and
we look for parameters F% (ry_1.;;) which best fit this original
model.

In a linear and Gaussian JMSS, F%(rk,lzk) = 0 and
H2(ri_1.x) = 0. However, FZ(rs_1.x) = 0 should not be
our choice here, as we now see, because in our models,
H? (r_1.x) is different of O due to constraint (54). The idea is
to tune Fi(rk—lzk) such that constraint (54) is balanced. Here,
we use a criterion based on the Kullback-Leibler Divergence
(KLD) and we tune Fi(l‘kq;k) such that the KLD between
p?%(z0.x,r0:x) (Which satisfies (54)) and the target model
p'(Zo.x, ro:x) is minimum. We have the following result (a
proof is given in Appendix D).

Proposition 4 Let p'(.) be the linear and Gaussian JMSS
model (2)-(4) and p2’9( .) be the class of models of Proposition
2 in which condition (54) holds, and thus ®y can be computed



exactly. Parameters Fﬁ(rk,lzk) which minimize the KLD
between p*°(zo.1,,vo.x) and p*(zo.1,To.1) are given by

Fy P (v 1) = Qu(ri)Hi (ry) " %

[Rie(r) + Hi (re) Qi (re) Hy ()" ] - Hj (rp—16). (64)

IV. PERFORMANCE ANALYSIS AND SIMULATIONS

We now validate our discussions via simulations. In section
IV-A we first describe our methodology step by step in a scalar
model in which the jumps are assumed fixed. So we generate
data from an HMC model and we estimate the hidden data
with a filter based on a PMC model out of the class described
by Proposition 1 which satisfies conditions (54) and (64). We
compare the performance of this approximation with the KF
which here is the benchmark solution. Next in section IV-B we
compare our new approximate filtering solution for linear and
Gaussian JMSS with the IMM algorithm and the PF. When
simulations are involved, we generate, for a given model, P =
200 sets of data of length T" = 100.

A. A step by step illustration

Let us describe our methodology step by step on the popular
scalar model with jumps (p = m = 1), see e.g. [6][27] and
references therein:

= N(n; alre)r—1; Q(rr))s
= N (@p; b(re)zx; R(re)),

where |a(rg)| < 1 and {ry}r>0 is a given MC with transition
probabilities p'(rg|rr_1). We first omit the jumps and we

consider the underlying model described by the two following
pdfs:

(65)
(66)

Tr—1(@r]Tr—1,7%)

9k (W |Tr, 1)

= N(zp;azp—1;Q),
= N (yg; bzi; R),

(67)
(68)

Trjp—1(Tr|Tr—1)
ar(Yr|xr)

where |a| < 1. According to Proposition 1, the linear and
Gaussian PMC models (parameterized by F? = ¢ and H} =
d) which satisfy the properties described by (67)-(68) are

a—bc ¢
P o) =N | o e

Q-c’R bQ — cdR
{bQ —cdR R(1—d?)+ ng} ) (69)

According to (54), we look for parameter d such that ab—db =
0, so from now on we set d = a.

Assume next that the goal is to approximate the HMC
model built from (67)-(68). From (64), the parameter c
which minimizes the KLD between pili 1(zx]Zz—1) and
pk|k71(zk‘zk*1) is ¢ = 29

= Ripg SO among all PMC models
(69) we choose

2,0 o —ab’Q - _abQ
pk]k—1(zk|zk—1) = N (z; 18+ng R+(’172Q ZL_1;
a®b’Q’R a’bQR
L A N
bQ — £ R(1-a?) +07Q

It is easy to check that the covariance matrix of
pklk 1(Zk|zr—1) is positive definite, whatever —1 < a < 1,
b, @ > 0 and R > 0. It is now interesting to compare
the KLD between pkl w_q and pk‘ w1 (which reduces to that
between p>? (yx|yx_1) and p! (yx|zx_1) since we have chosen
the optimal parameter c, see the proof of Proposition 4). In
HMC (67)-(68), p* (yi|rx_1) = N (yr; abzg_1;b*Q + R) and
in PMC (70), p*° (yxly—1) = N (yx; ay—1; R(1-a?)+b*Q);
using classical results on the KLD between two Gaussians (see
e.g. [28]), we have

Dk (0% (i |yr—1), p' (yr|zr—1)) = 0.5x
3 a’R a?(yp_1 — brj_1)? —ln(R +b2Q — aQR)
R+b2Q R+0b2Q R+0b2Q ’

which depends on r.v. 51 and zx_1 via (yr_1 — brs_1)>.
However, in such models E((yx_1 — brx_1)?) = R, so

E(Dkw(p

—0.5In(1 —

2’e(yk|yk—1)7pl(yk|37k—1))) =

a*(R/Q)
W)' (71)

It is an increasing function of ratio R/Q, so when R/Q
is small, i.e. the process noise is large as compared to the
observation one, then PMC model (70) is close to the original
HMC model built from (67)-(68), so estimating the hidden
data from (70) (although data indeed follow (6), (67)-(68)) is
expected not to have a serious impact.

We generate data from the HMC model (6), (67)-(68) where
we set a = b = R = 1. We compute a KF for PMC [25]
based on model (70) and the KF for (6), (67)-(68), which of
course is optimal for this model in the sense that is minimizes
the MSE. wy, p, 21,1 and Ty p 2 Tespectively denote the true
state, the estimator based on the original HMC model and that
based on the PMC model for the p-th simulation at time k.
For each estimate, we Compute the MSE averaged over time
and realizations: J' = L S0 [5 Zp V(@hopi — Trp)?]- In
Flgure 1 we dlsplay both the averaged KLD (71) between
pk x_q and pkgk , and the relative averaged MSE (RMSE)
(J L J%)/J? as a functlon of Q. As expected, the RMSE
decreases when DKL(pk|k 1,pk‘k 1) decreases, i.e. when Q
increases. Particularly interesting, values of RMSE are below
0.10 when ) > 4 and for high values of @) (Q = 10), they are
close to 0.03; estimates of ¢, in a PMC model of Proposition 1
in which H? and F? respectively satisfy (54) and (64) (without
the dependency in jumps) will be very close to the optimal
estimate in the original HMC model as long as @ is not too
small.

B. Performance Analysis on jumps Scenario

We now consider two scenarios with jumps. We compute
our estimate (£y,,,1), an estimate based on the SIR algorithm
with importance distribution p!(ry|rx_1) (it only requires one
KF per particle) with N = 100 particles [1] (£ p2), an
IMM algorithm [9] (£ p3) and a KF (£%,p Kalman) Which
uses the true jumps and which is our benchmark solution. For
each estimate, we compute the averaged mean squared errors

MSEZ(k) = % Z;f:1(£k,p,i - -’f;k,p,Kalman)g-
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Fig. 1. RMSE between a classical KF based on (6), (65)-(66) and a PMC-
KF based on (70) (blue circle), and averaged KLD between transitions of the
HMC model built from (65)-(66) and model (70) (black dotted line). When
Q increases, both RMSE and averaged DKL decrease; the estimates based on
model (70) are very close to the optimal ones.

1) Scalar model with jumps: We go on with model (65)-
(66) where now ri € {1,2,3}, ax(rx) € {1,-0.9,0.9}, b =
1, Q(rx) € {3,10,10} and R = 1. The transition probabilities
of MC {ry}x>0 are defined by p'(rg|rp—1) = 0.8 if rp =
ri—1 and p'(rg|rk—1) = 0.1 if rj, # ri_;. Data are generated
from the JMSS model (2). A typical scenario is displayed in
Fig. 2(a). Remember from section IV-A that our new filtering
technique is based on the conditional linear and Gaussian PMC
model (37) with

a(rp)b*Q(ry) a(re)bQ(rk)
By (rp_1:6)= (k) = Qe Reo+Q0 |,
' 0 a(ry)
a(ry)?b? (r a(rg)“bQ(r
g |09~ GBS 10t e
bQlrr) — iﬂgﬁbfgg:y R(1—a(ry))+bQ(ry)

MSE:s of the different estimates are displayed in Fig 2(b) and
are normalized w.r.t. that of our solution £, ;. Particularly
interesting, we see that our algorithm outperforms the IMM
based solution and slightly improves (in mean) the PF based
one. However, our technique is not based on Monte Carlo
samples and is more interesting from a computational point of
view. It turns out that the ratio of the averaged computational
time used by the PF and by our solution is approximately equal
to 15: our solution is thus much faster than the bootstrap PF. If
we increase the number of particles, the performances of the
PF are improved and are identical to those of our exact filtering
technique. Thus, it may be interesting to average the efficiency
Eff(k) = 1/(MSE(k)E(C(k))) over time where C(k) is the
CPU time to compute the estimate [29]. The efficiency of our
algorithm does not depend on the number of particles and is
8.5 x 10* while for the PF the efficiency decreases when the
number of particles increases and varies between 5 x 103 for
100 particles and 0.1 x 10 for 1000 particles.

2) Target Tracking: We now consider a target tracking
scenario. We use model (3)-(4) with

1 sinE:)TT) 0 — l—coz(er)

0 cos(w,T) 0 —sin(w,.T)
Fk(r) = 0 1—cos(w,T) 1 sin(w,T) ’

0 sin(o;TT) 0 cos(c;rT)
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“““ True hidden states
+ Observatlons
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Fig. 2. (a) - Example of scenario of model (65)-(66) and restoration with

. a conditional PMC model of Proposition 2 which satisfies (54) and (64).

True states (red dotted line), estimates based on our new approximation
(black circles) and observations (blue crosses). (b) - Normalized MSE of
our estimator (black line), the PF based one (red circles) and IMM based one
(blue squares).

T3 T2
EoE 0o
= T 0 0
Qi(r) =op(r) | 2 |
0 0 g o5
o o Z 7
Hy, =Iyand Ry = Iy. Weset T = 2, 1, € {1,2,3}

represents the behavior of the target: straight, left turn and
right turn. So we set w, € {0,67/180,—67/180} and
oy(r) € {7,10,10} and the transition probabilities of MC
{r} are defined by p'(rgx|rr_1) = 0.8 if r,, = 741 and
pL(r|re—1) = 0.1 if g # rp_1.

a) JMSS case: we first generate the data according to
a linear and Gaussian JMSS p!'(.). A typical run of this
manoeuvring scenario is displayed in Fig. 3(a). Here we
set H?(rg_1.x) = Fi(rg) (so that (54) is satisfied) and
F2(rg_1.;) satisfies (64). Normalized MSEs are displayed in
Fig. 3(b). Our solution outperforms the IMM estimate and
presents similar performances with the PF based one; however,
the execution time of our algorithm is still fifteen times faster
than that of the PF. We have also averaged the MSE (w.r.t. the
KF) over time and we get 0.0058 for our solution, 0.0059 for
the PF and 0.0074 for the IMM.
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Fig. 3. (a) - Example of a manoeuvring tracking scenario; data are generated
according to model (2)-(4). (b) - Normalized MSE of our estimator (black
line), the PF based one (red circles) and IMM based one (blue squares).

b) General case: in all these simulations, we have con-
sidered unfavorable cases in the sense that we have generated
data from linear and Gaussian JMSS. However, data may
follow a more general statistical model sharing the same
local constraints, such as models of the class described
by Proposition 2. Let us now generate data according to
a general conditional PMC model p??(.) of Proposition 2
with FP"(rp_14) = 0.7Fj(r) and H ™" (rp 1) =
0.9F (7). Consequently, the benchmark solution is now the
KF for PMC models [25] which uses the true jumps. We
compute estimates using the same PF and IMM algorithms as
above. If we compute our solution with F? (ry_1.;) satisfying
(64) (i.e. we try to compute P, as if data were generated
according to p!'(.)) and we compute the normalized MSE,
then we obtain the same global results as those displayed
in Fig. 3(b). However, remember that approaching p'(.) in
this case may not be optimal since data are not generated
according to p'(.). So since F%(rx_1.x) is a free parameter
in our solution, another choice of Fi(rk_lzk) may improve
the performances. Actually, several values of Fi(rk—l:k)
improve them but it has been experimented that the setting
F?(ri_1.x) = 0.8Fy(r),) indeed gives the best results (note
that F(rx_1.%) = Fi’tmc(rk_l:k) may not be optimal be-

cause H (ry_1.4) # H2 " (r_1.0)).

In Fig. 4(a) we display a realization of the scenario. As
we see, its properties (straight, left turn and right turn) are
kept even if data are not generated from a classical linear and
Gaussian JMSS model. However, in Fig. 4(b) we display the
normalized MSE and we see that tuning F%(rk,lzk) enables
to improve both PF and IMM algorithms.

6000( o Approximated conditional PMC Estimates

—True states
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0,
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)
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Fig. 4. (a) - Example of a manoeuvring tracking scenario where data
are now generated from a conditionally linear and Gaussian PMC model
with Fp " (r_1.4) = 0.7F(ri) and H " (rp_1.0) = 0.9Fj(ry).
Properties of scenario of Fig. 3(a) are kept. (b) - Normalized MSE of our
estimator (black line), the PF based one (red circles) and IMM based one
(blue squares). Classical solutions are no longer adapted for such models
while our approximation remains valid. This is because our algorithm offers
the possibility to adjust parameter F%(rk,l: k)

V. CONCLUSION

In this paper, we proposed a new filtering technique for
dynamical models with jumps. Starting from a given set of
pdfs which model some problem of interest we derived a
class of conditionally linear and Gaussian PMC models which
locally coincide with these pdfs, and in which E(f(xx)|yo.x)
can be computed exactly (without resorting to any numerical
or Monte Carlo approximations) and efficiently (at a computa-
tional cost linear in the number of observations). We validated
our technique on simulations. Our method provides results
which are comparable to those given by the classical SMC



solutions, but at a lower computational cost, in the particular
case where the data are produced by a JMSS model; and which
are better adapted in other cases.

APPENDIX A
CONDITIONING IN RANDOM GAUSSIAN VECTORS

We recall in this section two classical results on Gaussian
pdf which are used in our derivations [30].

Proposition 5 Let ( € IR?, n € RY, Q (resp. P) be ap x p
(resp. X q) positive definite matrix (other vectors and matrices
are of appropriate dimensions), then

/N (¢ P+ d:Q)N (1 m; P)dy =N (C; P+ d:Q + FPET),

Proposition 6 Let ¢ € IR”, n € RY, P€ (resp. P") be apxp
(resp. q x q) positive definite matrix and P a p x q matrix.
Let us assume that pdf of (¢,n) is a Gaussian,

¢ 1218 PSn
p(¢,n) = N(¢,m; [m ] ; {PMT Pn] .

m,’]
Then p(¢,n) = N (n;m™; PN (¢; 106 (n); PC), with
m®(n) = m° + PS7(P") " (n —m”"),
PS¢ — p¢ — pén(pn)-Lpén’

APPENDIX B
PROOF OF EQUATIONS (31)-(34)
We begin with (31). Let p*?(xx,y&|Xx_1,yr_1) be the
transition pdf of a PMC model of Proposition 1. We have
2.0

P20 (Xiy Y[ Xp—1) = /pQ’e(yk-llm_l) X
—_——

Ik—1(Yk—1]Xk-1)
2.0 d
pk‘k_l(xkv}’ﬂxk—la}’k—l) Yi—-1-

Now gip—1(yr—1/xk-1) = N(yr—1 Hi—1x3_1; Ryp—1) and
pi’li_l(xk, YVi|yk—1,Xk—1) is a Gaussian given by parameters
(23)-(27). Using Proposition 5, we get (31). We now prove
(33) by induction. So let us assume that

pz’e(}’k—1|xo:k—1) = PQ’Q(Yk—1|Xk—1) = gr—1(Yr-1]Xk-1)

(72)
((72) is true at time k = 1). Since (xo.k,yo:x) is a PMC, we
get successively

PMC
p* (X, Y| Xom-1) = /pi]i_l(zﬂxk—h}’k—ﬂ X

P’ (Yr—1/%0k—1)dyr—1  (73)
2P ki)
C o (e |xk—1) gk (yE[x1) (74)
From (74) we get
PP (xklxok-1) = frpp—1(Xulxk-1), (75)

and consequently p??(y|xo.x) = gr(yx|xx), which is noth-
ing but (72) at time k, which proves (33). Now since
(72) is true (75) holds too, whence (32). It remains to

prove (34). Let AV stand for numerator. Since {(Xx,¥x)}n>0
¢ >
is a MC, p2(yilyoi_1,Xon) = -—Losxen — _

R N J P2 (yo:i,%0:x)dy:
P~ (Xi:k,¥i|Xi—1,¥i—1)P” (X0:i—1,¥0:i—1) _ 2
TNy, : = pyilyi-1,Xi—1:%),

whence (34).

APPENDIX C
PROOF OF PROPOSITION 3

Our construction is based on the results in [21], where it
is shown that ®;, can be computed (among other conditions)
when given z;_1 and ri_1.;, Y does not depend on xj_1,
i.e. when

P(Yk|Zk—1,Th—1:k) = D(YE|Yk—1,Th—1:k)- (76)

So we extract models which satisfy (76) out of the class
described by Proposition 2. In models of Proposition 2,
p??(yr|zZp_1,rr_1.1) depends on xj_; via its mean which
reads (Hk(T’k)Fk(T‘k) — H%(rk—lzk) Hk-_l(’l’k_l))xk_1+
H%(I‘kq:k)}%q; so p>?(yx|zr_1,Th_1.x) does not depend
on xj_; and coincides with p?f(yp|lyr_1,rh_1.1) =
N(yr; H2 (vh—1.5)Yk—1; 232(rg—1.,)) if one can find
H?(ri_1.,) which satisfies (54). Next (55)-(58) can be
obtained as follows. From (76) (yx,ry) is a MC, so (55) and
(56) are immediate. Next,

E(xk[you: k) = Z P>’ (realyom, i) X

Thk—1

//XkPQ’g(XHXIc—I a}’o:k,Pk—lzk)dxkp2’9(xk—1 |y0:k7 rk—l:k)dxk—l»

E(Xk Xk —1,Y0:k:Tk—1:k)

(77)

Let us now compute the quantities involved in (77). Since
(XkaYka I‘k> is a MC,

E(xk|Xk—1,Y0:k, Pr—1:k) = Cr(Th—1:1)Xk—1

+ Dy (rr—1:k Yi—1:k) (78)

in which Cg(rg—_1.x) and Dy(rg—1.k,yx—1.5) are given by
(51) and (52). From (54)

0 (xk—1]y0se Tho1:k) = P2 (X1 |Yoe—1,7h—1)- (79)

Finally, plugging (56) (78), and (79) in (77), we get (57).
E(xxx%|yo:k, %) is computed similarly.

APPENDIX D
PROOF OF PROPOSITION 4

Let us consider the class of conditionally linear and Gaus-
sian PMC models of Proposition 2 which satisfy (54). We
compute the KLD DKL(p2’9(ZO:k7rO:k:)7p1 (ZO:karO:k)) which
can be rewritten as

DKL(p2’9(Z0:k, I‘o:k),pl(zo:mro:k)) = Zpl(FO:k)X
ro:k
Dk (0*? (2.1 |r0:x), P (Zo:k|To:1))
because p'(ro.r) = p>?(ro.) (see Proposition 2). p!(ro.x)
does not depend on {F%(ry_i.x)}k>1, so we focus on



Dk (9> (zo.x|r0:1), p* (Zo:|T0:1)). Using Markovian proper-
ties, we have

k
DKL(pQ’H(Zo:k\1“0:1«)7]71(Z0:k|1'0:k))=z/pQ’a(Zj—1|ro:j—1)><
j=1

2,0
D ()i (251251, 15-15): ) ;-1 (2125 -1, 7j-15) ) dzj 1

where, according to  Propositions 2 and 2,
p*%(zj_1|ro.j—1) = pY(zj-1|ro;;—1) and so does
not depend on F3(rj_1;). So we just minimize

2,0
DKL(pji;_(zj]2Zj-1,1j-15), P} ;1 (251251, Tj-15))-
We have

P> (yilyi—1.rj-15) = Ny B3 (rj 1)y -1 Ry(ry) -

H2 (1) 1) Ry (rj- 1) B2 (1) 8, () Qg () H () T),

(80)
20 (81)

p Xj|Zj71,yj,I‘j,1:j) :N(Xj;m;'(j;P;(j),

[5]
[6]

[7]

[8]

[9]

(10]

(11]

[12]

m =(F; (r;) —F3(rj 1 H; 1 (rj1))%; - 1HF5 (rj 1)y, -1 43

(B2 (rj—1:5)) (B (rj—1) ;- Hi (xj-1)y -1, (82)
P =3 (rj 1) — (23" (rj_1,))" %
(ZP(rj-15) ' =3 (r1)s
where 2;1(1‘]‘_1;]‘), Z?l(rj_l;j) and 232-2(1‘]‘_1;]‘) are defined
in (43)-(45). Next, the KLD between p?[§—1(zj|zj—1v rj_1)

1
and pj;_,

(83)

(zj|zj—1,r;_1.;) writes as

2,0 2,0
DKL(pj‘j,pp;U—l) :/pj|j71(zj|zj—1arj—1:j)x
2,0
Pjlj-1(25125-1,15-15)
Pj-1(Z5125-1), rj-1
= DL (P’ (vilyi- 1,0 15), P (5 %51, 7))+
/pQ’O(Yj‘Yj—lvrj—lzj>><

Dk (p™? (xj|2j-1,¥;,Tj-1), P (X5]%j -1, ¥, Tj-15))dy;
2,

Zj,

and is minimum when p*%(x;|z;_1,y;,rj1) =
P (xj|x-1,¥5,75) (from (80), p>*(y;ly;-1,rj-1.;) does
not depend on F?(rlj_l:j)). From Proposition 2, we know
that

20 (%1% -1, 55,1 15) = (%5151, 35,75 -15)

2,0 :
so Diw(pjj;_,(2512j-1,75-1:5), 0 ;1 (251251, 7-155)) s
minimum when p?(x;|zj_1,y;,rj—1.;) does not depend on
yi—1. From (82) we finally get (64).

J

p
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