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Abstract—The Probability Hypothesis Density (PHD) filter is a
recent solution to the multi-target filtering problem. Because the
PHD filter is not computable, several implementations have been
proposed including the Gaussian Mixture (GM) approximations
and Sequential Monte Carlo (SMC) methods. In this paper, we
propose a marginalized particle PHD filter which improves the
classical solutions when used in stochastic systems with partially
linear substructure.

Index Terms—Multi-object filtering, Probability Hypothesis
Density, Gaussian Mixture, Particle Filter, Sequential Monte-
Carlo filter, Marginalized Particle Filters, Jump Markov Linear
Systems

I. INTRODUCTION

INGLE object Bayesian filtering has been developed in

non linear and / or non Gaussian stochastic models; avail-
able solutions include extended (EKF) or unscented (UKF)
Kalman filter methods [1] as well as SMC algorithms, in-
cluding particle filters (PF) and auxiliary particle filters (APF)
(see e.g. [2] [3]). However SMC methods can fail when the
dimension of the state-space increases, so that one needs to
significantly increase the number of particles. This problem
can somehow be attenuated when the state can be decomposed
into a linear component and a nonlinear one. It is then of
interest to use the marginalized particle filter (MPF) solutions,
which roughly speaking estimate the nonlinear part of the state
by PF, and then given that non linear part estimate the linear
one via Kalman filtering (KF) [4] [5].

The (more recent) multi-target filtering problem consists in
estimating random states of an unknown number of targets
from a set of observations which are either due to detected
targets or are false alarms measurements. Early solutions in-
clude the Joint Probabilistic Data Association (JPDA) filter [6]
and the Multiple Hypothesis Tracking (MHT) filter [7], which
both include a matching mechanism that aims at optimizing the
association between observations and targets. An alternative
class of solutions, based on Random Finite Sets (RFS), has
also been proposed [8] [9] [10]. RFS-based solutions consider
the set of targets and that of observations as RFS, i.e. as sets of
random variables with random and time-varying cardinal. RFS
techniques avoid the intensive computational cost of the asso-
ciation mechanism required in the classical solutions.Among
RFS-based solutions, the Bayesian multi target filter (MTF) is
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a direct generalization of the Bayesian single target filter, in
the sense that it propagates over time the so-called posterior
multi-target density (mtd), which is a real and positive function
that generalizes the probability density function (pdf). Because
the MTF is not computable, Mahler proposed to propagate a
first order moment of the posterior mtd, the so-called PHD
or intensity, a positive density function which operates in the
single target state space domain and which enables the number
of targets as well as the state of each target to be estimated.

In general, the PHD cannot be computed exactly. In practice,
two implementations of the PHD filter, with variants, are
popular. The Gaussian mixture (GM) implementation [11]
assumes that the PHD is a GM, but requires that each target
(when it is detected) and associated measurement follow
a linear and Gaussian model; if not, an approximation of
the GM implementation based on local linearizations or the
Unscented Transformation (UT) [11] can be used provided
the non linearities of the model are not too severe; the SMC
implementation [12] [13] approximates the PHD by a set of
random weighted particles and does require any assumption
on the target dynamics.

Now, multiple object filtering SMC-based solutions inherit
the same problems as their single object filtering counterparts.
In particular, the specific difficulties of high dimensional
problems get worse in multi target scenarios since one needs
to estimate the number of targets in addition to the states. As
in the single object case, this major drawback of SMC based
multi object filtering solutions can be attenuated in some spe-
cific situations and indeed MPF solutions have recently been
adapted to multi-target filtering, with an approach based on
data-association [14] in the sense that the SMC part only acts
on the data-association step and not on the estimation of states,
and another on the Bayesian MTF for Gaussian models with
partially linear substructure [15]. On the other hand, even when
small dimensional problems are involved, SMC methods may
fail, particularly if the particles are sampled without taking into
account the available measurements. Among the class of SMC
methods, the APF is an alternative technique to the classical
Importance Sampling (IS) one. Roughly speaking, in the APF
implementation, particles are first selected according to the
recent observations before being propagated contrary to the
IS one where particles are directly propagated. In the RFS
context, a general APF implementation of the PHD filter has
been proposed [16].

This paper further adapts the MPF idea, but now to the
PHD filter which presents good results in highly cluttered
environments [17] [11], avoids a data-association step and
and has the advantage of being more tractable than the



Bayesian MTF. The adaptation of marginalization to PHD
filter approximation proceeds as follows:

o We first derive the general marginalized PHD (M-PHD)
filter, which can be used in Gaussian and partially linear
models. We propose two implementations of our M-PHD
filter: the first is a “bootstrap one” which holds for a
general class of Gaussian and partially linear models;
the second is an auxiliary implementation which guides
the particles to regions where targets are likely to be
present, but which is computationally efficient under
certain additional assumptions and approximations. Our
approach improves the PHD filter approximation, and so
that of the number of targets and of their state, without
increasing the number of particles.

o We next consider linear and Gaussian jump Markov state-
space systems (JMSS) in the context of multi-object
filtering. For such models the PHD is a GM with a
number of components which increases exponentially as
measurements are acquired. This increase is due uncer-
tainty in the origin of the measurements and in the mode.
In [18] the number of mixture components is managed by
mixture reduction techniques such as pruning or merging.
On the other hand, the SMC implementation proposed
in [19] samples particles in augmented dimension (state
and mode). We adapt our M-PHD algorithm to lin-
ear/Gaussian JMSS so that only the mode governing the
jumps is sampled and inference over the kinematic state.
Bootstrap and auxiliary implementations are proposed for
these models.

o We finally adapt our M-PHD filter to Gaussian JMSS
with partially linear and partially non-linear substructures.
Following [20], an efficient importance distribution for
the auxiliary implementation is proposed for such models.

This paper improves the preliminary work appearing in [20]
and [21] by the extension to JMSS and the inclusion of a
more detailed performance analysis, including comparisons
with the auxiliary PF of [16], consideration of the effect of
clutter density and results for maneuvering targets.

The paper is organized as follows. In Section II we first
recall the multi-target filtering problem in terms of RFS, then
we briefly describe available implementations of the PHD
filter. In Section III we derive a new implementation of the
PHD filter which takes into account the linearity of some of
the components of the state vector of a target. In Section
IV we adapt our implementation to linear, or partially linear,
Gaussian JMSS models. In Section V we finally compare the
performances and complexity of our approach to the classical
SMC implementation in a number of range-bearing scenarios.

II. MULTI-TARGET FILTERING
A. RFS description of the model and the MTF

In a standard multi object tracking problem the number of
targets and their parameters are unknown at a given time k. It
is thus convenient to represent the set of targets and of mea-
surements by RFS (i.e. a set of random vectors with random
cardinality) X, = {xk-,la s 7Xk,n}, Zy = {ZkJ, cee ,Zk7q}
where n and ¢ are random integers and Xj; (resp. zj ;)

€ R™ (resp. RP) for all k¥ and 4. The transition pdf of a
target between times k¥ — 1 and k is fyx—1(Xx|Xx—1) and
the likelihood of a measurement z with a state x; at time k
is gx(z|xg). A direct application of the RFS theory consists
in propagating the conditional mtd p(Xy|Zo.;). However, the
MTF involves equations which are not computable. Therefore,
SMC implementations have been proposed (see e.g. [12] [15]),
but remain computationally intensive, above all when the
number of targets is large.

B. The PHD

To cope with this issue, Mahler introduced the PHD as a
first order moment v(x), where x € R™, of a mtd f(X) or
of an RFS X. A PHD is a real and positive function which
has the following property: let S C R™, then

/v(x)dx:/|XﬂS\f(X)5X:E(|XmS|), (1)
S

where [6X denotes the set integral and |X N S| is the
cardinality of the set of targets which belong to region S.
So the integral of the PHD v(x) over region S is the expected
number of objects in this region.

In this framework, the multi-target filtering problem can be
seen as the propagation of PHD v (x), defined as the first
order moment of mtd p(X|Zo.x). The so-called PHD filter,
which is a set of equations which propagate recursively the
PHD, can be derived under the following hypotheses [10]:
the targets evolve and generate measurements independently
of one another; the clutter is independent of measurements
due to detected targets; and the clutter and the predicted-target
processes are Poisson. Also, let us set some notations: ps (x)
is the probability that a target with state x at time k£ — 1 still
exists at time k; pg(x) is the probability that a target with
state x is detected at time k; xj is the intensity of clutter
measurements at time k; and -y is the intensity of birth targets
at time k. The propagation of the PHD vy (x) of the posterior
mtd p(Xy|Zo.x) is then the succession of a prediction step and
of an updating step [10] (we assume without loss of generality
that there is no spawning):

Okt (x) = / Do (€) futs (</€) 01 () + (). ()

0k (%) = [1 = pak(x)] v -1 (x)+
Z pd,k(X)gk(Z|X)Uk|k71(X)
ez, ki (z) + fpd,k(ﬁ)gk(z\f)vkmA(f) d¢’

1) Implementation of the PHD Filter: Egs. (2) and (3) are
not computable; several suboptimal algorithms have thus been
proposed in the literature.

The GM implementation [11] assumes that the model is
linear and Gaussian, that the probabilities of detection pg ;, and
of survival p, ;, are constant, and that v;_;(x) and ~;_1(x)
are GM. Briefly, since fj|;—1(x|xx—1) is a linear and Gaussian
pdf, the predicted PHD is a new GM. Further injecting this
new mixture in (3) still provides a GM. When the model is
Gaussian but non-linear, alternatives based on the UT or on
the EKF and other approximations have been proposed in [22].
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The SMC implementation [12] [23] approximates PHD
Vg—1 by the discrete and random mixture O_q1(x) =
Zf:’“ll wy” 15 @ (x) where 0, denotes the Dirac mass at
point . P]uggmg it in (2) we get a continuous approxi-
mation Opp—1 Of vgp_1 for which we can derive a new
discrete approximation of vy,;_1(x) by using IS, 0,1 (x) =
kal w,(f‘)k 10,0 (x), and finally inject it in (3). We get
the discrete ap]i)roximation O of v given by Ux(x) =
ZLkl wk)é ()( ) where

wi = (1= pax () wl,_,+
(1)

pdk(xé)) k(2 |Xk )wk|k 1
Lo '
7 5(2) + S pas o (ax ),

Variants of the algorithm based on APF have also been
proposed [16], and a Gaussian Particle algorithm which prop-
agates a GM has been proposed in [24]. From now on we only
focus on the SMC implementation of the PHD filter.

2) Analysis of the SMC PHD Filter: The SMC implementa-
tion of the PHD filter suffers from the same drawbacks as those
of single object SMC ﬁltenng algorithms. The critical term in
@) is pgr(x x\ ))gk( \xk )w,(g‘)k 1» since it will determine the
total mass f Vg (xg )dx which is an estimator of the number
of targets. This term depends on the likelihood gk(z|x§;)). If
all particles have a weak likelihood with all measurements,
even if some measurements are due to the presence of targets,
then this estimator of the number of targets will be close to
0. Such a phenomenon occurs when we do not succeed in
concentrating particles in regions of high likelihood, and this
task is all the more demanding when the dimension of the
particles gets high. Moreover it will be difficult to produce
an accurate estimator of the state of a target, if few particles
contribute to the mass of a region S where a target is probably
present. To cope with this issue without increasing the number
of particles, some solutions can be thought of.

First, one can try to sample particles according to an
importance distribution which would guide particles toward
high likelihood regions, as in single object filtering. However
this is a challenging point when we use IS in multi-object
filtering, since we do not know which measurement is due
to which detected target. An auxiliary implementation can
address this problem by first selecting randomly measurements
which are probably due to the presence of targets [16].

Next, one can avoid the dispersion of particles by using ran-
dom samples only when necessary, i.e. for some components
of the state vector.

As we show in this paper, these two solutions are not incom-
patible, and we will actually combine them. More precisely,
we examine a class of models for which the GM and SMC
approaches can be combined. For this class of models, it is
possible to use the classical SMC approach, but by taking into
account the specificities of the model one can improve both
the estimation of states of the targets and that of the number
of targets, without increasing the number of particles. We first
address the dimensional reduction problem; next we derive a
bootstrap and an APF implementation of our M-PHD filter.
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ITII. AN M-PHD FILTER
A. A brief review of MPF in single object filtering

Assume that the state vector Xy, of a target can be divided
into a linear component xk (with dimension m;) and a non
linear one xj} (with dimension m,,) (i.e., xic follows a linear
dynamics and x; a non linear one), and that the relations
between these components between k and k + 1 and the
associated measurement zj, are given by:

X1 £ (xp) + FR(x})x), + up, (%)
Xjp1 = FL(xp) + FL(xp)x), + uj, (6)
Zpo1 = hy(xpyy) + He(xi )Xk +ve, (D

in which f7(.) is a function from R™" to R™~, F7(.) is a
m,, X my matrix which depends on the components of vector
x? and which acts on vector x}, (functions f}(.), hi(.), F.(.)
and Hy/(.) are defined similarly), and

uf o] [Qr @) o0
u | ~N |10 [Qeh QL 0 ., (®)
Vi 0 0 0 Ry

where [uf,u}], - ,[u},u?] and vy, - - , vy are independent.
A probabilistic representation of this model is given by the
transition and the likelihood pdf (N (x;m; P) is the Gaussian
pdf with mean m and covariance matrix P taken at point x):

fk+1\k<xk+1|xk) =
£ (x;) Frx)] o [ Qe Q™
(o 558)- BB )
UL (xp) Fi(xp) |77 lQeh) Qg

()]
i1 (2lxn 1) =N (Z:hy (x4 )AL (X)X 15 Ry). - (10)
1) MPF implementation: Let us now recall MPF [5] [4]
[25] in model (5)-(7). Remember that the goal consists in

approximating the posterior density p(xy|zo.;). MPF is based
on the factorization

(1)

PG Z0:) X PG |Z0:r) -

KF PF

p(Xi, xg:k |Z01k') =

The second factor p(x{.,|Zo:x) is approximated by PF, but
since system (5)-(7) becomes a classical state-space model
once x} is fixed, the first factor p(x%|x2,,zo.) can be
computed exactly via KF. This idea is popular and its interest
is enlightened by the Rao-Blackwell (RB) theorem applied to
sequential filtering: assume that one needs to estimate © =
J f(z1,z2)p(x1, 22)dz1das, in a context where it is possible
to calculate f f xl,xg) (xg\xl)dxg exactly. Consider the IS
based estimators ©; (resp. 6)2) of © obtained by samphng

(@8, 28) "~ q(ar, w2) = g(a1)g(a]zr) (esp. @t X g(zy)):

(:)1 _ 72]"1717332) (3717552)

Q(3317$2)
6, = —Z le’“ ) p(xo|at)das.  (13)
2 - N . 2|41 2

Then ©; and O, are unbiased, but the RB equality reads

ar(0,) = var(0,) + %E {Var (f(zi’]éi)pig’z%) |x%)} .

(12)




So var(@l) > V&I‘(ég), and thus O, is preferable to O.

Remark 1 In the sequential filtering context we look for
calculating a moment of a function of interest f given by
f f(X1,01n7 X2,O:n)p(xl,0:n7 X2,O:n|Z0:n)dxl,0:ndx2,0:n’ but the
normalizing constant of p(X1,0:n, X2,0:n|Z0:r,) is unknown. So
we have to resort to Bayesian (or normalized) IS [2] and
the previous analysis does not hold any longer. Nevertheless,
the result still holds when the number of particles tends to
infinity [25]. Also, some contributions take into account the
resampling step which creates dependency among particles and
compare both estimators asymptotically [26].

2) IS vs APF: Next, even in a MPF implementation, we
need to sample particles. So let us briefly describe two well-
known techniques Let us assume that we need to compute
0 = [ f(x)m(x)dx where 7(x) = Ejvlf( )pi(x). Note
that 7(x) is not neeessarlly a pdf since [ 7(x)dx can differ
from 1. A classical IS technique draws N samples x' ~
qi(x), where ¢;(x) is a given pdf, and computes en =
Y, wi(x) f(x') were wi(x') = 7¢(x)p;(x7) /qi(x7). A
alternative consists in considering IS in an augmented d1-
mension which is also known as the auxiliary implementation
[27]. More precisely, we consider an importance distribution
q(k,x). We first select an index j* ~ q(k) and we sample
x! ~ q(x|j%). An estimator of © is given by OAPT  —
Sy wi(xh) f(x7) where w(x?) = 77 (x7)p;: (x) /q(j7, x).

One of the advantages of the APF implementation is that it
is possible to select a number N’ # N of samples. Next,
the first step is actually a resampling one which can be
beneficial or detrimental according to parameters p;, 7' and
f. A comparison between both methods when the optimal
importance distributions are chosen has been studied in several
contributions, see e.g. [28] and [29].

B. Extension to multi-object filtering : the M-PHD filter

We now address PHD-based multi-object filtering algo-
rithms. Remember from section II-B that the expected number
of targets at time k is given by me v (x)dx, where vg(x) is
the a posteriori filtering PHD (i.e., the PHD of the posterior
mtd p(Xx|Zo.x)), and that looking for states boils down to
finding regions S C R™ such that |, 5 Uk(x)dx is high.
Estimating | s Uk(x)dx over any region S (or over R™) is
thus essential in the PHD-based approach, since in practice
the integral is not directly computable.

The aim of this section is to extend the MPF idea from
the single to the multi object context, in the case where (5)-
(7) now describe the dynamics of one single target between
instants k£ and k-1, and the link between the state of a detected
target and the associated measurement. We will show that in
such a model, under some additional assumptions, the PHD
can be integrated with respect first to the non linear part of the
state, and next the linear one, and the second integral can be
computed exactly from a PF approximation of the first one:

/vk(x)dX: /[/vk(x",xl)dx"]dxl = /@k(xl)dxl.
- NI

PF implementation Computable

Let us first give some conditions under which it will be
possible to develop an M-PHD filter. We assume that

A.1 The probabilities of survival ps 1 (x) = ps k(x") and of
detection pg x(x) = par(x™) depend only on the non-
linear component of the state vector;

Let p; r+1(x) be given pdfs, for 1 < 4 < N%+1 We
assume that vy (Xj-1) is a mixture (subscript “2” is used

for birth components)

A2

Nojga
E warl\kpl 1 (x™) x
i=1

1. 2,0,(3) rony. 2.6, (%)
N(X 7mk+1‘k(x )7Pk+1|/€)'

’Yk+1

(14)

Note that ;1 is not necessarily a GM, which by contrast
is an hypothesis required in the GM implementation of
the PHD filter.

The key idea of our approach is to assume that at time k and
for a given value x' the PHD is approximated by a discrete
measure which support is glven by a set Ay = {x"’( )}
(one can have x” @ = % "0) for g # j) and for a given
element of Ay, the PHD is approximated by a GM. In other
words, we assume that an approximation of the PHD at time &
is a mixture with the following form, hereafter denoted normal

discrete (ND):

Ly
op(x) =Y w N mp P PR e (x),  (15)
i=1 g
with x = (x!,x"). So we now look for deriving an ND

approximation of the PHD at time k + 1; starting from an
ND approximation 0y (x) of vg(x), we derive a continuous
approximation ¥y, (x) of Vg 1)k(X).

1) Prediction: Let F;,"(i) 2 ng(x:m) F} O
F7(x "72)), fh(l) 2 g (Xza(i))’ f’;%(i) A £ (x] n, (Z)) and
pi L-&-l Ds, k+1( n, (8 )) Let 9y in (15) be an ND approxima-
tion of PHD wvy. Plugglng (15) into (2) yields the following
approximation v,y of the predicted PHD vy, qx:

Ug1p(X) = @i+1|k(x) + ity (%), (16)

1,69) LLGE) oy, p L)
Uk+1\k Zwk+1\kN(X mk+1\k(x )ka+1|k)><
1m,(8) . ol (é)

N (x5 50 P (17)
Tp a6 (%) = Vg1 (), (18)
where
wll@fl)\k pizgv+1w/ii)’ (19)
1,n,(i n, (1) n, (1) l7(i)
mmﬁk) =@+ PP, (20)
R
1,0,(2 n ~ 1, s AN /on n, (7
m, 1) (x") = A ¢m<>+n>+QAx—n<»
(22)
plb@) Any—1 (1) pl:(3) Ok
k:+1\k Qk (Qk) ( ) + A Pk+1\kA ’
(23)



L,(7) L,(3)

where rhkﬂlk(x”), Pk+1\k¢ and AS) are defined by
b n l (i n,(i)__1,(i
rin () = my ) KG [ — i —F Uy )} .
(24)
L) (@) ()] pl()
Pk+1|k = [I Kk+1|kF } ko (25)
AY =F - (Qp FRY, 26)
il () l ( ) (FrNT (pn (%)
Kk+1|k =Py ( ) (Pk+1\k) h 27
Qk =Ry (Qk) (28)

Next, we look for an approximation of posterior PHD vy, .

Ly,
B0 =3 [ wlllupein o)) )
i=1
n., 1,m,(3). plin, (i)
N(x ’mk+1\k’Pk+1|k)’ (40)
B N'Yk+l
B(z Z/wkﬂwpd k1 (X )qk+(1)(z X")pi kg1 (x")dx".
41)

Remark 2 The derivation of the predicted and posterior ap-
proximations of the PHD holds under assumption A.1 above.
However, these results can be extended easily to the case where
Ds, k(%) and pg r(x) are now mixtures (see e.g. [11]):

(0)

2) Update : Let us set Z; , = {0} U Zy;1 where 0 Per(x) = w9 ps o 0 (x")+
corresponds to a null measurement. Plugging (16) in (3), we ’ N i
et the following approximation of vy 1: il i 1.Gi 1.(i
¢ s . > wiipe s (ON G m ) () PO @)
- - - i=1
U41(x) = U/i+1(x) + UIQc+1(X)’ 29 (0) n
Pae(X) = wy 3 Pa,0,k(X")+
where N,k
i n l 1,(i
Zw;LPd,i,k(x NV (% md(k)( "); Pd,(k)) (43)
1 n,(2) . pln,(i) i=1
oy N (x ; )X
i (x Z ik Picrils such that 0 < p, x(x) < 1 and 0 < pg(x) < 1.
Z ‘I>k+1 x",x',z), (30) Now, let us focus on the computation of [ ¥g11(x)dx.
z€Z; Remark that [ Ope1(x)dx!  is  computable  since
Noyyia f<I*J’ M (xm, x!, z)dx! reduces to wkfl) (z,x"). So the
Uk+1 Z Di k1 (X Z ‘I’iil) (x", %!, z), challenge is now to compute [[[Tj4+1(x)dx!]dx"; two
ezl implementations are proposed.
€2} 11
(3D . .
0 . Al m? ) ny. pib(i) N C. A marginal Bootstrap Implementation
ke (7%, 2) = Ny (2, x7); Py (2, 7)) This implementation relies on the observation that it is
wk’J(rl)(LX ) for j =1,2, (32) possible to derive respectively a discrete approximation of
1 (x) (this term is due to persistent targets) and of 7, (x)
with, for j = 1,2, and z € Z; , |, (this term is due to birth targets) as a function of X" by using
o the IS mechanism recalled in paragraph III-A2. In addition,
(1= pap+1(x "))wifl)lk, z =10, pdf NV (x"; m,lc’f:i(‘?; Pifl(lz)) and p; 1 are available and can
w#j_zl) (2,X™) = < papr1(x )qi-&) (z,x )w;&)w be used for sampling a new set of part1cles
; 5 , ZE€ Lkt, 1) ND approximation of v vk 1k We first draw samples
K(z) + B (z) + B (2) (33) for persistent targets. An ND approximation of 0 41 With Lg
. components is glven by
J, n
milgz)(ZX )7 mk-li-%\)k(x )a o 0 Z—o, ) 5 ()
* my () + K (X2 (x7), 2 € Zig i (X7 X) Z > 2" X 2)d o (),
(34) i=1 Zezk+1
o pi-: (,I) z— 0 (44)
3,11 s ’ n, (i) Ln,(i), plins(i)
Py (2:%0) [I*Ki’(f( MH(x")| PO gz, 7where x " ~ N (x" mk+1\k’Pk+1|k) for 1 <i < Ly.
+ + 2) ND approximation of v,% 41° Next, we draw samples for
(33 birth targets. It may be unreliable to draw only IV, ,, particles
here if N% 4, 18 small. So let us derive an ND approximation of
W vk+1 by usmg a set of L,ngl = K x N,,,, particles. For
, n 1 ny. @i-(i 1 =1, L2, ., let K|. A ND approximation of
7)) = N ") + HL G ) S )., e e fet 9 = T PP
(36) k+1 , l
s n (0 n\T (% ny\ — @ Xn X )=
K2 (") =PI (x0T (879 (M) 7 an X
55 (57} — (1) (on Lhis "
ZLAG) =2 - HOOm ) —heb) 09 53T S e a0 () 69)
1,(% i=1 g o
SE ) = HuxPLLL (He) ™ + R (39) ey,



where an( RN Pji k1 (X™).

3) Implementation issues: Let Ly q ), = Lg +Li 41 denote
the total number of samples drawn for persistent and birth
targets. By gathering the ND approximations of ©;, 41 and of
02 41> an ND approximation of the PHD at time k+1 is given
by

L1k

. n
)= Z‘I’kﬂ ka,x Z>5x§§ﬁ)(x ). (46)

i=lzeZ,

’U]g+1 x" X

k+1

Following (32), we can write (P,(Cil(xﬂl%x z) =

n, I, n, I, n,
w) (2, xk+<1>>/v<xl m} ) (z, xp0); PR (2, x0))),

where w,(cll(z x,€+1 )»i=1,..., Ly 2 € Zj, are the
sample weights.

Our final approximation 911 (x",x') is a ND mixture with
L4111 (1+|Zg11]) components. This indicates an exponential
increase in the number of components with time. Following
[12], resampling according to the weights wgl(z,x;}ﬁ)) is
performed to reduce the number of components to a number
Ly+1 which is proportional to the estimated number of targets.
If the measurements do not depend on the linear part x' of
the state the ND approximation of the PHD can be written as

Lyy1k _
pa (x",x') = Z wl(ﬁl(x")x
i=1
1,(3 n, ,(3 n
N<Xl§mk5ri(xk45 )) p Sr%( kil)))éx”*“ (x")- 47)
1,(3) /. n,(i l z
Wlllf(‘»r)e . )mkii(xk%)g) o, r(n)kg(z i),
7 n,(? K3 n,(? 7 7
PlxY) = Pul(zxyy) and wl (x™0) =

Zzez,g+1 w,(w)rl(z xkil)) In this case the number of
components in the ND mixture is given by the number
Lyi1, of sampled particles. Resampling may still be
required to remove unlikely particles and to produce a sample
size proportional to the estimated number of targets.

It can be seen from (33) that computation of the sample
weights w,ill (z, inl)) requires B7(z) of (40) and (41). These

quantities can be approximated by using the sampled particles:

R
~ 1,6 ; 1,n
B'(2)=3 " wy{pasir 011 Ve (2 x5, @)
i=1
k+1
2,n 2,m,(1)
Zwk+1|kpd k+1(xk+1( ))qkil)(z Xp1 ). (49)

D. A marginal APF Implementation

Even if our previous implementation relies on particles only
for the nonlinear part of the state vector, it may be inefficient
because the importance distributions with which we sampled
the particles did not take into account available measurements
Zj+1. The main risk is that new particles are in regions where
targets are not present. To address this problem, we derive
an APF implementation which guides particles into promising
regions. To achieve this, an efficient importance distribution
should be chosen to sample the new set of particles. So in
order to propose a practical and efficient implementation, we
now assume that the following hypotheses are satisfied:

A’1 probability of detection pg ;11(x™)
A’2 birth intensity v,11 in (14) is a GM, i.e. p; p41(x"
2,n,
N(x™; mk+1(|k)’ Pk:rl(\;c) in (14).
It is possible to rewrite U1 (x) in a more direct form in which
we do not distinguish persistent and birth targets. Setting

Liy1jk = Lk + Ny, ., g1 reads

= Dd,k+1 1S constant;

) =

Lyt1x
D1 (x Z ZN x" mZﬁ)‘k, Zﬁ)‘k)@é’ll(x",xl,z),
i=1 ZGZk+1
wherem™¥)  P™) @) (x" x! z) are respectively equal
k+1|k * k+1]k © k+1 p yequa
to mi’_ﬁ’l('k), Pi:l(k) (1)1@-5-1)(’{ x!,z) where j =1if 1 <i <
Ly and j =2if Ly +1 <4 < Ly, Marginalizing out the
linear part x' of the state gives
L1k
n,(1) | pn(i) ny.
41 (x Z ZN (x" mk+1\k7 k+1|k)wk+1(zvx ):
i=lz€Z;
where w,@rl(z x")= w,ifl)(z x") for i« = 1,...,L; and
wl(i)rl(z,x )= wiﬁ Lk)(z’xn) for i=Ly+l,.. . Ly + Ny, -

The goal is to sample Ly samples according to U1 (x™).
As recalled in paragraph III-A2 one can now use an APF im-
plementation to that end. Due to the form of U1 (x") which
can be seen as a mixture of mixtures, an APF implementation
relies on two auxiliary variables: one for a component due
to a persistent or a birth target (see point III-D1 below) and
the other for measurement z (see point III-D2 below). So for
1<5< Lk+1, we will randomly choose a component index
i/ € {1,-++, Lyy1)x}, a measurement z/ € Z;  , and finally
a new particle x,, f ). The auxiliary variables and the final
samples are independently and identically drawn according to
an importance distribution ¢(z,%,x™). The weight associated
to a particle is computed from

n, (1) L pm.() y, () n

N ("m0 P w (2,x7)
q(z,i,x") '
Next, it is well-known that the importance distribution
q(z,1,x™) has to be chosen carefully. The optimal importance

distribution (i.e. that which minimizes the conditional variance
of weights) is

w(z,i,x") =

(50)

n, (i)

q°""(z,i,x™) x N(x" sy Pkfllk)wk_?_l(z,x”). (51)

However, it is not computable here. Indeed, remember that

the dependence of w,(j_i)rl(z,x”) in x™ is due to the term
q,(:ll(z,x") in (36); because h(x™) and H(x
linear in x™, [ N(x" mkﬁ)lk;PZil)lk)q,Ell( T‘)dx" is not
computable so the optimal distribution is not either. So we
need to derive an importance distribution which approximates

the optimal one; it relies on the approximations

™) are not

PO [aff G Wi P axt (52)
PO "2 g (2, x OV (" mp s Pr) (53)

where x means “is approximately proportional to”. It is well
known that Gaussian approximations, p(”)(z) and p*) (x"|z),



to the predictive likelihood and the optimal sampling density
can be obtained by linearizing h(.) and H(.) or by applying
the UT [16] [30] [31]. These approximations are accurate if the
supports of the prior and the likelihood overlap. This occurs,
for instance, if the prior is informative as in the case of a
persisting target. However, if there is little overlap between
the prior and the likelihood then both the UT and linearization
perform poorly. This generally happens for birth targets which
initially have a large amount of uncertainty in their position
and velocity. To avoid this problem we use progressive correc-
tion (PC) to find the Gaussian approximations in (52) and (53).
PC was originally proposed for Monte Carlo approximation
[32] but can also be used more generally [33]. A brief review
is given in the appendix. We next explain step by step how to
draw a sample (i/,z7, qu&)) ~ q(i) x q(z|i) x q(x"|i, ).

1) Selection of old components: The first step is to select
an index i € {1,..., Lj41x} which governs how the state
vector is sampled. If s € {1,..., L;}, then we have selected a
persisting target with the state to be drawn conditional on the
ith sample x"") at time k. If i € {Ly+1,..., Lg + Ny b
then the state is drawn from the (i — Ly )th birth density. For
z € Z,;H, define

itali) = {

where B(z) is ‘an approximation of Bi(z) + By(z). The
computation of B(z) is discussed below. The sampling density
for the component index is

L= par+1, ) z=0,
pak1p(2)/[5(2) + B(2)], 2 € Zyy, (54

q(7) _w]g.i,-]_‘k; Z )/ Cr+1, (55)
ZEZ,CJrl
Ltk
Cry1 = Z wkﬂ‘k q(zli) (56)
zGZk_*_1

If approximation (70) is accurate, then sampling from (55)
will produce components corresponding to persisting or birth
particles as suggested by the measurements. This has the
potential to greatly improve efficiency compared to blind
sampling using the prior, particularly in the initiation of new
targets.

2) Selection of a measurement: The next step is to select a
measurement with which to associate the selected component
index. This can be achieved by selecting z € Z;_ , from

by

YEZj 4

q(zli) = q (57)

3) Sampling the state: Finally, we extend, or initiate for
the case of a birth component, the i-th trajectory, which is
associated to measurement z by sampling from

n,(i%) n,(i7) _
q(x"i,z)= Ny Piap), 2=9, (58)
P (x"[2), 2 € Zin.
4) Computation of weights: Let iJ,z/ ,xZi{), j =

1,..., Li4+; denote the jth sampled component index, mea-
surement and particle. According to (50), the expression of

weights is given by
(G _

Wiy =
Cr+1/ L1, 7z =0,
@) (5 () n,(5) n,(i) . pn.(i)
Cri1 Gy (27, %47 )N(Xk+j1 ’mk+1|k’Pk+1\k) bez
X y G X ’ k+1-
Ly p(“)(z])p(l )(ijfjl)|zﬂ)
(59)

It can be seen from (59) that if (52) and (53) are accurate
then the weights will be approximately uniform with wl(izl ~
Ck+1/Lg+1. Finally, a ND approximation of posterior PHD
Vi+1 can be found as

Lyt

- 3 vl

1,( i (4 1,(49 n
N(xl; mkil)(z37xk_£31)); Pk_(‘_l)(zj Xk—&gjl)))éx:_}_({)(x )

In a bootstrap filter the quantities Bj(z) of (40)-(41) can
be computed using the particles drawn from the prior and
then used in the weight calculation. In the APF proposed here
these quantities are required before sampling is performed. We
propose a computationally efficient approximation using the
same sampling distributions used for the APF. In particular,
for i = 1,...,L', we draw an index j* such that Pr(j’ =
b) wg;)_l‘kp(b) (z) and then sample X ~ p7' (x"|z). We
then obtain the approximation

2 By(z) 2 N(i(i)§m:ﬁil)c?Pkﬁ\z)g)ql(cJ«r)l( ,x(1)
B(z)=—, >

pot P (z)p" (x]z)

N L 7
where By(z) = pa 41 Y ioq ;(glukp(z

Uk+1

(60)

. (61)

) (z). If the approx-
imations (52) and (53) is good then the terms in the sum (61)
will be close to unity and a small value can be chosen for the
sample size L. Remark that in this case B(z) ~ By(z).

IV. OTHER APPLICATIONS OF THE M-PHD FILTER

We next focus on models where dependence on a discrete
MC {ry} is introduced: we now to consider the augmented
state (x,r) and look for computing the integral of PHD
>, Jvk(x,7)dx. We explain how the M-PHD algorithm of
the previous section can be adapted to Gaussian and linear
(Section IV-A) or partially linear (Section IV-B) JMSS.

A. Linear and Gaussian JMSS
Let

Seare (X rlx, ) = p(rlre) N (x5 Fr(r)xg; Qi(r), (62)
= N(2z; H(rr1)X) 1 Ri(req1))- (63)

Let us also assume the following hypotheses:

A.3 The probabilities of survival p, j41(r) and of detection
Pd.k+1(r) depend only on the mode;

A.4 The birth intensity is a mixture which reads

91 (2|X 1, 1)

N7k+1

Z wk+1|kpz k+1( )

i=1
2,1,(i 2,1,(i
N smp 3 () PR ().

Ve (x', 1)

(64)



The mode 71 € {1,...,d}, where d is the number of modes,
is a discrete MC characterized by the probability transition
p(rg|Tk—1). In such models, the PHD v (x,r) is a GM which
grows exponentially due to the measurements and the number
of modes. A GM implementation [18] has been proposed to
propagate vi(x,r) and relies on numerical approximations
such as pruning and merging to avoid the exponential growth.
Here, we propose an alternative which involves adapting the
M-PHD in order to avoid the growth of the mixture due to the
number d of different modes.

In such models, (2) and (3) still hold if we consider the
augmented state x = (x',r). The role of the non linear
part of state vector x is now played by the MC {ry}; so
a marginalized implementation for these models appears as
a particular case of our previous M-PHD where we replace
x" by r. Therefore, we now look for propagating samples
which act on the discrete part r of the state vector and so for
propagating an ND implementation of the PHD,

Zw

Starting from (65), the predicted and updated approximations
(16) and (29) hold up to some adaptations: dependence on

X, ) and x™ have to be replaced by 7",&) and 7; so pdf

P)s, @) (69

xmk,

n 1,n,(¢ 1,n 1)y,
NE)lc 'mkﬂ(‘k),lfl’kﬂ(“g) in (16) is replaced by pl(;“|7“,(€)),
mk+§|l)€ and Pk+1(T/)€ in (22) and (23) reduTce to mkﬁ‘l,)v =
Fiﬁ(i) Z(Z) and Pllﬁl»ﬁl)e FZ(UPZ(Z)FZ(U + QZ(’)

Based on this observation, our two implementations still
hold except that we draw samples {r,(cﬂ)rl}:

« the bootstrap implementation of Section III-C now relies
on distributions p(r|r{) to sample particles for persistent
targets and on p; 41(r) to sample particles for birth
targets;

o the APF implementation of Section III-D relies on an
importance distribution ¢(z, ¢, r); the optimal importance
distribution (51) is however computable contrary to the
previous case (since integrals on x™ which were not
computable are now replaced by a sum on r).

B. Non-Linear and Gaussian JMSS, with linear substructure

Finally we adapt the marginalized PHD algorithm proposed
in Section III-B to a more general class of models. Let §; =
(x3,rk41) and P = (XZ+1,rk+1). Then,

Ferp(X[xE) = p(Tr41lr) X

({0 e =4 afy

QR (ri41))
QL (rrt1)
(66)

= N(z;hi () + Hy

Ir+1(2[Xp41)
(67)

A.5 The probabilities of survival ps11(x”,7) and of de-
tection pg x+1(x™, ) depend only on the mode r and
nonlinear part of the kinematic state;

)

(Wr1)Xhs 15 Ri(Pign))-

A.6 The birth intensity 41 reads

N’Yk+1

= 3wtk ()pis (X" ) x

i=1
N (s 1) (r); PRyl (). (68)
Again, the technique of Section III can be applied to derive
an ND approximation of the PHD in such models. The state
vector is now x = (x!,x",r), with non linear part (x",7); so
the goal now is to propagate samples {x:’(i), rl(f)}.

Starting from an ND approximation at time k

Yr+1(X,7)

Zw J\/x mk @), 2 (l))éx:,u)yrliﬂ(x",r), (69)
approximation (16)-(29) can be used with some modifications:
dependence on xZ’(l) and x" are respectively replaced by

(xZ’(i)7 1"](;)) and by (x",r); the pdf N/ (x"; mirlﬁk), Pilcr1(\2)

. 7 1,n 1,n,(i
is replaced by p(r|r,i)) N (x™ mk+1(\l<:)(r)7Pk+1(|k))( ))- So
the bootstrap and the APF implementations can be used to
propagate samples {xk’(z) ](;)}:

e In the bootstrap implementation of Sections III-C1 and

II-C2, samples (x; ﬁ)r,(c}rl) are now obtained from

p(r|r,il)) N(x" m,lcfl(llg(r),Pllﬁflﬁz)(r)) for persistent
targets and from p; 41(7)p; k41 (x"|r) for birth targets.

o In the APF implementation, samples are obtained from
an importance density ¢(z, %, (x™,r)) which extends that
developed for non-manoeuvring targets in Section III-D.
For r = 1,...,d, we assume the availability of the
approximation

N mp )Pl (m)al (2,x7) ~
P (x"|r, 2)p'" (2[r)
where mkfu ,(r) and P kfl)l . (1) are the predicted mean
and covariance matrix under mode r, as shown in (20)
and (21). The approximation (70) can be found using
progressive correction as described in the appendix. We
define

(70)

1 — pdk+1, z=10,

~ N . d .
oD = Vi ln(z) + B S0 (alr), 5 € Zig,

(71)

The sampling densities for the component index and for

the measurements are given by ¢(4) and ¢(z|) defined in

(55) and (57) except that we use (71) for the definition
of G(z|i). The mode is sampled from

(4) _
q(rli,z) p(r|r;(€51), . z="0, (72)
p(r|rk71)p(’)(z|r), Z € Zy1.

Finally, the state is sampled from
k+1]k
VAS Zk+1.

Ny 1 (3 )
") ={ N mi (1)
(73)

P9 (x"|r, z),
The sample weights are calculated as in (59) with obvious
adjustments for the mode.

Pn,(ij) (r),z =0,



V. SIMULATIONS

Four algorithms are considered in the performance analysis.
The algorithms are as follows:

1) Bootstrap filter (BF). The BF is implemented as in [12].
In this implementation the number of particles used for
persisting targets depends on the estimated number of
existing targets. In particular, if the total sample size is
Ly, and ny_q is the estimated number of targets at time
k—1, then L; = min{Lg, 7g_1 min{500, Ly /20}} par-
ticles are used for persisting targets and L? = Ly, — L},
particles are used for birth targets. This ensures that the
total number of likelihood evaluations for each update
is m and allows comparison with the algorithms which
use a fixed sample size.

2) Marginal bootstrap filter (M-BF). This is a marginalized
bootstrap implementation developed in Sections III-C
and IV-B.

3) APF PHD filter. This is the algorithm of [16] with
some slight differences. First, birth targets are drawn
from a Gaussian mixture rather than a single Gaussian.
Second, progressive correction, rather than the less accu-
rate UT, is used to approximate the optimal importance
distribution. Third, the algorithm is extended to include
sampling of a manoeuvring mode for the manoeuvring
target example of Section V-C.

4) Marginalized APF (M-APF) implementation. This is the
implementation proposed in Sections III-D and IV-B.
Our approximation of B(z) relies on (61) with L/ =
100.

Both APF implementations use a fixed sample size at all times.

A. The Optimal Subpattern Assignment (OSPA) metric

The algorithms obtain target state estimates by applying the
k-means clustering algorithm to the collection of particles. The
number of clusters sought by k-means is the estimated number
of targets, i.e. ,the sum of the sample weights rounded to the
nearest integer. Errors arise in both the individual target state
estimates and in the estimated number of targets. These errors
can be measured by the OSPA metric, derived in [34]. Let X =
{z1,..;xm} and Y = {y1, ..., yn} be two finite sets. Here, X
represents the estimated finite set of targets and Y represents
the true finite set of targets. For 1 < p < 400 and ¢ > 0,
we denote d(°)(z,y) = min(c, ||z — y||) (||.|| is the Euclidean
norm) and II,, the set of permutations on {1,2,...,n}. The
OSPA metric is defined by:

—c Af1l . m .
d,(X,Y) = (n (ggg}l Z;d( (@i, yi)P + (0 = m)>>

if m < noand dp(X,Y) £ d(Y,X) if m > n. The

parameter c determines the weighting of the penalties assigned
to cardinality and localization errors and p determines the
sensitivity of the localization error and cardinality error. In
our simulations, we take ¢ = 100 and p = 2.

B. Range bearing tracking of constant velocity (CV) targets

In this scenario targets move with CV in the region
[—500, 500]2. The model used in the PHD filters is as follows.
The state vector is x; = [Tk, Yk, Tk, Yx]) Where (zg,yx) is
target position in Cartesian coordinates and the dot notation
indicates differentiation with respect to time. The transition
pdf at time k due to a target with state x;_1 at time k — 1 is

f(xp|xp—1) = N(xp; Fxi—1,Q), (74)
(1T [ 133 T2)2

where ® is the Kronecker product. The particular parameter
values are psj = 0.95, T = 1 and 0 = 1/625. The birth
intensity is

2

V(%) = Ao/ D> N (k3 %p, ),

b=1

(76)

where )\, is the mean arrival rate of new targets, 2, =
diag(3086,3086,36,36) for b = 1,...,c? and, for i,j =
1,...,¢
—500 4 1000(i — 1/2)/(c — 1)
_ —500 4+ 1000(j — 1/2)/(c — 1)
Xit(j-1ec = 0
0

(77)

Note that the means form a regular ¢x ¢ grid over [—500, 500]?
so that the birth intensity covers the region in which the targets
move. In the implementation A\, = 1/4 and ¢ = 6.

The targets are observed by a sensor placed at the ori-
gin. The sensor produces measurements of position in po-
lar coordinates. The measurement function is then h(x) =
[v/ 22 4 y2, arctan(y/x)]’. The measurement noise has covari-
ance matrix R = diag(16, (7/180)2). Targets are detected
with probability pgj = 0.9. Clutter is uniformly distributed
with density A.. Simulations are performed for clutter densities
of A\, =107° and A\, =4 x 10~°. The former clutter density
produces an average of 10 clutter points in the surveillance
volume at each scan while the latter produces 40 clutter points.
The dynamical and measurement models satisfy (9) and (10)
with X} = [z, yx)" and x}, = [dy, Ur]'-

The scenario considered here is shown in Figure 1. In this
scenario the number of targets varies as shown in Figure 1(a).
The target trajectories are shown in Figure 1(b). In this figure
trajectories are plotted in red at the start of the surveillance
interval and gradually transform to blue at the end of the
surveillance interval. This colour coding allows times at which
targets are in proximity to be identified.

The algorithms are implemented with sample sizes between

1/ 100 and 10 000. Algorithm performance is measured using

the mean OSPA distance averaged over 200 realisations.

The time-averaged mean OSPA for each algorithm is
plotted against sample size in Figure 2. The results show
that marginalization produces significant benefits, particularly
when combined with measurement-directed sampling. These
benefits are evident for both clutter densities. It should be
kept in mind that in our implementations, for a given sample
size, the APF and M-APF have roughly three times the
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Fig. 1. Simulation scenario for CV targets: (a) Number of existing targets
plotted against time. (b) Target trajectories.

computational expense of the BF and M-BF. This increased
expense is clearly worthwhile as the BF and M-BF would
require far more than three times the sample size to produce
similar performance to the APF and M-APF.

C. Range bearing tracking of manoeuvring targets

We now consider a scenario in which targets perform
coordinated turn manoeuvres. The target state is x; =
[k, Yk, Tk, Uk, Wi Where wy, is the turn rate. Target motion is
modelled by a jump Markov model with two motion models.
The first motion model (r = 1) is the CV model described in
Section V-B and given by (74) with

F:diag({(l) ﬂ@lz,o), (78)
3 2
Q = diag (0 [ gzg TT/2 } ®IQ,O> . (79)

The second motion model (r = 2) is a coordinated turn model
for which the transition matrix and process noise covariance
matrix are

F(x) =
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Fig. 2. Mean OSPA plotted against sample size for CV target tracking with
the BE, M-BF, APF and M-APFE. Results are shown for (a) Ac = 102 (b)
Ae =4 x 1075,

10 sin(wT)w —[1 — cos(wT)]/w
. 0 1 [1-cos(wT)]/w sin(wTw
diag 00 cos(wT) — sin(wT) 1
00 sin(wT) cos(wT)
(80)
3 2
Q = diag (a { ;g T/ } ®Ig,ﬁ> . 81)

The coordinated turn motion model satisfies (66)-(67) with
X! =[xk, Yk, wi) and X', = [iy, ¥x]’. The particular param-
eter values are T = 1, 0 = 1/625 and 8 = (5m/180)%.
The persistence probability is p,r = 0.95. The transition
probabilities for the discrete mode parameter are p(rp =
1lrg—1 =1) =0.93 and p(ry = 2|r—1 = 2) = 0.8.

The birth intensity is as shown in (76) with the turn rate
having all its mass concentrated at zero. The measurement
model is also identical to the CV scenario.

Target trajectories are constructed by simulating the mode
parameter using the same transition model assumed by the
filter. When r, = 1 CV motion is performed while a co-
ordinated turn is performed if ry = 2. The turn rate is held
constant throughout a coordinated turn manoeuvre at a random
value drawn from the mixture [N (57/180, (27/180)%) +
N(—57/180, (27r/180)?)] /2. Only randomly generated trajec-
tories which remain in the region [—500,500]? are accepted.
The resulting scenario is shown in Figure 3. The number of



targets varies as shown in Figure 3(a) and the target trajectories
are shown in Figure 3(b).
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Fig. 3. Simulation scenario for manoeuvring targets: (a) Number of existing
targets plotted against time. (b) Target trajectories.

The time-averaged mean OSPA for each algorithm is plot-
ted against sample size in Figure 4. The results are sim-
ilar in nature to those obtained for CV motion. Thus the
same comments regarding the impact of marginalization and
measurement-directed sampling apply for manoeuvring tar-
gets. As expected, the sample size required to reach an optimal
level of performance, i.e., the sample size for which further
increases in sample size produce no performance benefits,
is larger for manoeuvring targets than for CV targets. Thus,
for A = 107>, about 4000 particles are required for the M-
APF to achieve approximately optimal performance for the
manoeuvring target scenario while roughly 1500 particles are
required for CV target tracking. This increase in required
sample size is probably also partly due to the increased vari-
ability in target number for the manoeuvring target scenario, as
seen by comparing Figures 1(a) and 3(a). It may be expected
that tracking the target number is more difficult if it changes
frequently.

VI. CONCLUSION

In this paper, we proposed a family of M-PHD filters for
multi-target filtering. We first focused on models which present
both a linear and a non linear substructure. Two implemen-
tations of the M-PHD were developed: a bootstrap filter, the
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Fig. 4. Mean OSPA plotted against sample size for manoeuvring target
tracking with the BF, M-BF, APF and M-APF. Results are shown for (a)
Ae =107% (b) Ae =4 x 1075.

M-BF, which draws samples from the prior and an auxiliary
particle filter, the M-APF, which uses a measurement-directed
sampling density. It was then shown how these filters can
be used with Gaussian JMSS with linear or partially linear
substructures.

The M-BF and M-APF were applied to the problems of
tracking constant velocity targets and manoeuvring targets
using range-bearings measurements. The marginalised particle
filters exhibited significant improvement compared to their
non-marginalized counterparts, the BF and APF. Of the two
M-PHD implementations, the M-APF provided better perfor-
mance than the M-BF. Although the expense of drawing a
sample is greater for the M-APF, it offers better performance
for a given computational expense through the use of a much
smaller sample size.

APPENDIX
A BRIEF REVIEW OF PROGRESSIVE CORRECTION

As seen in (52) and (53), the measurement-directed propos-
als used in the APF require approximation of quantities of the
forms

U(z) = /g(z|x)7r0(x) dx, (82)

m(x) o g(z|x)mo(x), (83)



where ¢g(-|x) is the conditional measurement PDF and m(-)
is a prior PDF. We are interested in cases where (82) and
(83) are not available in closed-form. The idea of PC is to
define correction factors 71, ...,7s such that 0 < v; <1 and
S vi=1Fori=1,....s,let

mi(x) = g(z]x)" mo(x)/U(z), (84)
£ia) = [ g(alx)" o) dx (55)
where I'; = 23:1 ~Ya. We then have, for i > 1,
li(z) = /g(z|x)"”g(z|x)r'i*1m)(x) dx, (86)
:Zifl(z)/g(Y|X)%7Ti71(X) dx, (87)
with £o(z) = 1. It follows that
U(z) = ls(2z) = [[ vi(2), (88)
i=1
vi(z) = /g(z|x)”7‘ri_1(x) dx. (89)
The densities ;(-) are found recursively for ¢ = 1,...,s
using
mi(x) o g(z|x)Vim_1(x). (90)

Although (88) and (90) cannot be evaluated in closed-form
they can be accurately approximated using standard techniques
such as linearisation or the UT. This can be seen by consid-
ering (90) for ¢ = 1:

m1(x) oc g(z[x) " mo (x). ©On

Compared with the complete correction (83), the partial
correction (91) uses a broad likelihood which ensures large
overlap between the prior and the likelihood provided v; is
sufficiently small. This allows good approximations to 71 (-)
and 14 (z) to be obtained using conventional methods such as
linearisation or the UT. The process can then be continued for
m2(+), v2(z) and so on.
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