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Abstract—Several direction of arrival (DOA) estimation algo-
rithms have been proposed to exploit the structure of rectilinear
or strictly second-order noncircular signals. But until now, only
the compact closed-form expressions of the corresponding deter-
ministic Cramér-Rao bound (DCRB) have been derived because it
is much easier to derive than the stochastic CRB (SCRB). As this
latter bound is asymptotically achievable by the maximum likeli-
hood estimator, while the DCRB is unattainable, it is important
to have a compact closed-form expression for this SCRB to as-
sess the performance of DOA estimation algorithms for rectilinear
signals. The aim of this letter is to derive this expression directly
from the Slepian—-Bangs formula including in particular the case of
prior knowledge of uncorrelated or coherent sources. Some prop-
erties of these SCRBs are proved and numerical illustrations are
given.

Index Terms—Circular, deterministic Cramér-Rao bound
(DCRB), direction of arrival (DOA), noncircular, rectilinear,
Slepian—-Sangs formula, stochastic Cramér-Rao bound (SCRB),
strictly noncircular.

I. INTRODUCTION

ARIOUS direction of arrival (DOA) estimation algo-
rithms, such as MUSIC [1], [2], root-MUSIC [3], standard
ESPRIT [4], and unitary ESPRIT [5], [6] have been adapted to
exploit the structure of rectilinearity or strictly second-order
noncircularity of signals, which include commonly used digi-
tal modulation schemes, such as BPSK and ASK. These algo-
rithms are known to achieve a higher estimation accuracy and
can resolve up to twice as many sources compared to the tra-
ditional DOA algorithms. To assess the performance of these
algorithms, it is necessary to derive the stochastic Cramér—Rao
bound (SCRB) for rectilinear sources. Nonetheless, only the
SCRB for arbitrary noncircular sources [7], [8] and the de-
terministic CRB (DCRB) for rectilinear sources [9]-[11] are
available, among many other bounds (e.g., [12] and references
therein). But, the first bound does not take into account the prior
knowledge of rectilinearity and the second bound, although pro-
viding valuable engineering insight is unattainable.
As generally the exploitation of prior knowledge usually re-
duces the estimation error, this letter derives closed-form expres-
sions of the SCRB for arbitrary rectilinear sources and for the
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specific prior knowledge of uncorrelated, and fully correlated
(referred to coherent) sources. Note that explicit expressions of
circular and noncircular SCRBs for DOA parameter alone have
been derived by two different methods for arbitrary sources.
The first one consists of computing the asymptotic covariance
matrix of the concentrated maximum likelihood estimator [13],
which is asymptotically efficient and the other one is obtained
directly from the Slepian—-Bangs formula [14], [15]. Similarly
to [16], we present here a direct derivation of the different rec-
tilinear SCRBs from the extended Slepian—Bangs formula [7]
for noncircular Gaussian distributions. Finally, some proper-
ties of these SCRBs are proved and numerical illustrations are
given.

II. DATA MODEL AND PROBLEM FORMULATION

Consider K zero-mean narrow-band signals (z 1 )r=1, . &
impinging on an arbitrary array of M sensors. These signals are
supposed rectilinear (also called strictly second-order noncircu-

lar), i.e., described by the following model
Ty gk = Stk e with st 1 real-valued (1)

where the phases ¢;, associated with different propagation de-
lays are assumed fixed, but unknown during the array observa-
tion. The array output at time ¢ is modeled as

yi =AgAysi+ny, t=1,...,T Q)
where (y;);=1.. r are independent. Ay def [a(fy),...,a(0k)]
denotes the conventional steering matrix, A, def Diag(eml,

i def . .. .
€9 )ands; = (St1ye-es st,K)T. n, is the additive noise,

which is assumed zero-mean circular complex Gaussian, spa-
tially uncorrelated with E(n;n” ) = 21 and independent from
St k- (St.k)k=1,... K 1=1,.7 are either real-valued deterministic
unknown parameters (in the so-called conditional or determinis-
tic model), or zero-mean real-valued Gaussian distributed with
covariance E(ststT) = R, (in the so-called unconditional or
stochastic model).

To derive the CRB from the Slepian—Bangs formula, we have
to carefully specify the parameters of the Gaussian distribu-
tion of (y;);—1.... 7. Under the deterministic assumption, y; are
circularly Gaussian distributed with mean (AgAgys; )1, . 1

and covariance o2 I, which are parameterized by the real-valued
parameter

a=(0",¢",p" 02)" )
def def

'791\')T’ ¢ = (¢1>'-'5¢K)T and P =

where 0(1éf7§91,..
(sT,...,sE)T. On the other hand, under the stochastic

., ST
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assumption, y; is noncircularly Gaussian distributed with zero-
mean, covariance

R, = B(yiyl') = AjARAGA] + 021 (@)

and complementary covariance

def
C, = E(yiy!) = AgA R ALAY (5)
which s also generally parameterized by (3), but, where p is now
the K (K + 1)/2 vector made from [R,]; j for1 <i < j < K.
In the particular case, where prior knowledge of uncorrelated
or full coherent sources s;; are incorporated, the parameter
,U%()T where U,% def E(s?ﬁk) =

cx )T where R, = cc’, re-

p reduces to p = (0, ..,0,%, .
[Rglpr and to p=c = (cq,...,
spectively.

Under the stochastic assumption, (y;);~1,. 7 are indepen-
dent and noncircular Gaussian distributed and therefore, the
Fisher information matrix (FIM) for the parameter c« is given
(elementwise) by [7]

T ORy R-! OR;

FIM, ; = —Tr R 6
J 2 Oay; Y 804]' Y ©

. . : ~ def
where R; is the covariance of the extended signal y; =

vl y{']" given by

R; ¥ EF,57) = ARAY + 021 (7)

~ det [ AgA ~ ~ . ~ def

where A = “axl=la,...,ag with a, =
[a;az] =l K] K

[aT (0;.)e'*r , all (0),)e0r]T.

The purpose of the next section is to directly derive the SCRB
of the parameter 6 alone from the FIM (6). Noting that the
parameters 0, and ¢, are nonlinearly related in the extended
steering vector ay, closed-form expressions of the SCRB of

def . o
the couple w = (07, " )T are first derived through its inverse

[CRByo (w)] ! & [%%’-9 %""” |. Thus, the SCRB of 6 alone is
6.9 ‘.9
deduced by
CRBio(0) = (To,0 — To,6T, s 15 4) " (8)

III. DERIVATION OF THE DIFFERENT CRB
Writing the FIM (6) in compact matrix from as

T ([ Or; g B or;
=g () ®TeRY () o

where r; def vec(Ry) = (A* @ A)vec(Ry) + o2 vec(I) (with
® is the Kronecker product), all the first steps of the proof
given in [16] apply. In particular, using the partition (R; g

R;l/Z)(iﬁ% |g;5, , g;; ) ' (G|V u), we can deduce from (9)

% [CRByo (w)] ' = GTIIL G (10)

with A ¢ (V u) and IT} ©' —ITA, where TI5 denotes
the orthonormal projector on the columns of A. Starting
from (10), where Hi is given by [16, rel. (14], the main
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steps of the proof of the following theorem are given in the
appendix.

Theorem 1: The SCRB under the general rectilinear assump-
tion is given by for K < 2M

o (=~ ~ 11 =\
orB (@) = G (BB e (1) o))

(11)
with Hf\ defp IT;, where II; denotes the orthonor-
mal projector on the columns of A, D, Y [Dy,D,]

. =~ def 93 dag =~ def 9a Daf oy def
with Dg:[ﬁ,...,azlf{}, Dy = [53 2] H =

0¢1 77" "7 0ok
R,AM R;l AR, and ® denotes the element by element matrix
product. Applying (8), the SCRB on 6 alone is given by

2 ~ ~ ~ ~ ~
CRBL ()= % < {(Dfﬂin;) ® H} — {(DfﬂiDa)

on|[(prngp.) on| [(brmgn.) o q))

Including the prior knowledge that the K rectilinear sources
are coherent (where R = cc’'), which appears in specular mul-
tipath propagation, the main steps of the proof of the following
theorem are given in the appendix.

Theorem 2: The SCRB under the prior knowledge of fully
coherent rectilinear sources is given by for K < 2M

o (B D 11 B
orB (@) = 72 ((Brmsb.) o ((11) or. ) )
| (13)

where 1, & T AT R, TAc.

Including now the prior knowledge that the K rectilinear
sources are uncorrelated, the following theorem (presented in
[9]) is proved in the appendix

Theorem 3: The SCRB under the prior knowledge of uncor-
related rectilinear sources is given by K < 2M

e D S~ o~ o~~~ o~ \
CRBL{ () = — (&,D./B(B"GB) 'B"D.A, )
(14)
where G R @ R; + gy7gevee(Il Jvee!! (), A,

def

Diag (02, ... L o%), D, Y (AA%)o
(Dy|Dy) + (D;|D}) o (A[A), and B is any
(2M)* x ((2M)?> — K) matrix whose columns span the

null space of A* o A, where o is the columnwise Kronecker
product.

Finally, to make comparisons with the DCRB, we recall its
closed-form expression derived in [9] and [10] and then in [11]
under more general rectilinear models for K < 2M

CRB¢ _ 0721 N 171l 1 11 -
i) =2+ ((DImED.) o (17 ) @ Rax
(15)

def T
where R 7 = % i1 ststT. We also recall the closed-form

expression of the SCRB derived under the assumption of arbi-
trary noncircular sources in [7], applied to rectilinear sources

2 2
73[{7 017;'
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for K < M

2 —1

CRB, () = %(Re KDgf I}, Dg) © (Aj;ﬁA¢
(16)

def [ 9 dax
where Dy = [ﬁ""’ﬁgﬁ']

IV. ANALYTICAL AND NUMERICAL COMPARISONS

Considering the comparison of the previously introduced
closed-form expressions of the CRB, the main steps of the proof
of the following theorem are given in the appendix.

Theorem 4: Under the general rectilinear assumption, the
DCRB (for T' — o0, i.e., replacing R by Ry) and SCRB
have the relationships

CRB;(0) < CRBL.' () < CRBL (0). a7

sto sto

Note that for a finite value of 7', we cannot be sure that
CRBY( (0) < CRB' (). In fact for low 7" and high SNRs,
the inequality reverses.

If we consider now the exploitation of prior knowledge, the
following theorem is proved in the appendix.

Theorem 5: Under the prior knowledge that the sources
are rectilinear uncorrelated, CRB;.*(0) is reduced w.r.t.

CRB;(.' (0). In contrast, the exploitation of fully coherency

sto

of the sources does not reduce CRB.' (0)

sto

CRB* (0) < CRB (9), CRB(* (6) = CRBS' (6).
(18)

Note that similar properties have been proved for circular
sources in [17] for uncorrelated sources and in [18] for fully
coherent sources.

Finally, in the case of a single rectilinear source, we have
proved after tedious algebraic manipulations that the SCRBs of
0, alone deduced from (11), (13), and (14) reduce to

1 o

2 2
CRB{S(0)) = o5 (1t 55 ) (19
) = S &, ag( +2a§||enll2> o

sto

where a; a(f) and a) e da(6y)/d6,. Comparing (19)
to the SCRB derived in [7] under the general noncircu-
lar assumption, we see that CRB.(0;) = CRB:{ (61), i.e.,
the SCRB is not reduced by exploiting the rectilinear prior
knowledge.

To illustrate, the difference between the different CRBs, we
consider now the case of two equal-power rectilinear sources of
signal-to-noise ratio 10log; (02 /o) = 10 dB and correlation
p,impinging on an ULA of M = 6 sensors with half-wavelength
spacing. Figs. 1-3 exhibit different ratios of CRB. Fig. 1 shows
that there are significant gaps between the DSCB and the SCRB
for closely spaced and strongly correlated rectilinear sources.
More generally, extensive numerical comparisons have shown
that this gap increases for low SNR, low phase and DOA sep-
arations and high source correlation, but this gap will always
vanish for high SNR. This proves that the conclusions based
on the DCRB may be very optimistic for not too high SNR.
Fig. 2 highlights that the exploitation of the prior of rectilin-
earity greatly reduces the estimation error for closely spaced
and uncorrelated sources. Finally, Fig. 3 proves that the joint
exploitation of the prior of uncorrelatedness and rectilinearity

ratio of CRB

ratio of CRB

ratio of CRB
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0.05 0.1 0.15 0.2 0.25 0.3
DOA separation (rd)

Fig. 1. Ratio CRBS (6;)/CRBL ! (01) for ¢1 — ¢o = 0.1 rd.

det sto

0.05 0.1 0.2 0.25 0.3

0.15
DOA separation (rd)

Fig. 2. Ratio CRB ! (61)/CRB (61) for ¢1 — ¢po = 0.1 rd.

sto

0.05 0.1 0.15 0.2 0.25 0.3
DOA separation (rd)

Fig. 3. Ratio CRB.;:? (0;)/CRBLE (61) for p = 0.

sto sto



ABEIDA AND DELMAS: DIRECT DERIVATION OF THE STOCHASTIC CRB OF DOA ESTIMATION FOR RECTILINEAR SOURCES

greatly reduces the estimation error for closely spaced sources
with different phases.

V. CONCLUSION

Closed-form expressions of the SCRB of DOA estimation for
rectilinear sources have been directly derived form the extended
Slepian—-Bangs formula, including the case of prior knowledge
of uncorrelated or coherent rectilinear sources. Analytical and
numerical comparisons with the DCRB and the SCRB for non-
circular sources have shown in particular that the DCRB may
be very optimistic.

APPENDIX

Proof of Theorem 1: (Detailed proofs of Theorem 1 are
available at [23]) Since R; is a (K x K) real symmetric ma-
trix, it then follows from [19, rel.(7.18)] that vec(R) = D p,
where Dy is a so-called duplication matrix, and hence [16,
rel.(19)] becomes

V= (RQT/QA* ® Rf“A) Dy WDy

Then, it follows from [19, Th. 7.38], and some simple algebraic
manipulations using [19, Th. 7.34, rel.(b)] that [16, rel.(20)]
becomes

My =1-W(U®U)NyW/
where U %' AHR 'A and N isan (K x K) matrix defined

in [19, Th. 7.34]. By evaluating the derivatives in G and u, and
through some further algebra, one finds

uHH%]gk =0

where g, is the kth column of G given by g, = vec(Z;, + Z)

and where Z;, def R_l/QArs a’,{HR_l/2 ~’k def day, /dwy, and

r, i is the kth column of R. This 1dent1ty allows us to rewrite
the individual elements of (10) as

[CRBsto( )]k’,l = gfn%fgl

By further calculations we get

T ! ! ~ 17
[CRBg, ()], , =5 Re ((aan%Aal) (rgkAHRg 1Ars,l)> :
(20

n

Finally, we can write (20) in matrix form as in (11). [ |

Proof of Theorem 2: (Detailed proofs of Theorem 2 are
available at [23]) We follow the steps similar to those in the
proof of Theorem 1 Since R, = cc’ and its derivative w.r.t.

c is given by D, = Y eeI+Ioc= 2Nk (c ® I), it follows
then that V has the form V = WD.. After some algebraic
manipulation using [19, Th. 7.34, rel.(d)], it follows that

oL Y1 vvEv)ivE =1- Vv,V ivH

with V; & WNy (c®1) and V def (k.U +u.ul’) where
dif Uc and k. def c'Uec. Thanks to the matrix
inversion lemma, we have V<! (U 1 ccT)

Through some further algebra using u = vec(R 1) and

g = vec(Zy, + Zf) where Z, € R_'*Ac ’HRJ/? one
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finds that u””V,; = ¢TU where U AHR 2A uflg, =
QCkak_HRv 2Ac, and Vig, =¢; (1/5 )up + ,'<;(AHR~ )
where uék) dﬁf “H R lAc. By further calculations we arrive

at u’! Iy g = O Thls identity allows us to rewrite the individ-
ual elements of (10) as

T ~! ~!
= 8 val 3 Ckcz(aanﬁal)

n

[CRBsto ( )]

which can also be written in the matrix form (13). |
Proof of Theorem 3: Noting that (7) becomes R; =

Zk L oraiall + 021, all the steps of the proof given in [17,
Appendix A] apply to the parameter w with the FIM (6) as-
sociated with the noncircular zero-mean Gaussian distribution
of Y. [ |

Proof of Theorem 4: Using R, > R,A" R, ' AR, thanks
to [20, rel. B.6.37] and noting that (1 1) is positive semidef-

inite, we have (} i) ® (Ry —ﬁ) > (0 from [19, Th. 7.10].

Then, noting that DY 183 D,
have (DYTILD,) © ((} 1) ® (R, — H)) > 0 thanks to [20,
rel. R.19, p. 358], and CRB;(0) < CRB:' (0) directly
follows. |

Consider the parametrization o, = (07, p’, 02)" associ-
ated with the assumption of arbitrary noncircular sources in
[7], where p,, is the 2K? + K vector made from [Re(R.)]; ;,
Im(R;)]; ;, [Re(C;)];; and [Re(C,)i; for 1 <i<j<
K, and [R,]; “ [Re(C,))i; and [Im(CL)]L ; for 1<4i <

K, where R, = E(xfxt )and C, = E(xtxtT) with x;

is positive definite, we

(e, a:th)T. Consider now the one to one mapping

between a,. and o, = (87, ¢", pl', p7,02)" where ¢ =
def

(¢lv~'a¢k7“a¢K) is defined by 2¢]€ i 4[ x]k,k/[Rz]k,ks

p, is the vector made from [Re(R,)];; for 1 <i<j <K,
and p is the vector gathering [Im(R,)];;, [Im(Cy)];; for
1<i<j<Kand[Re(Cy)];; forl <i<j<K.

Let FIM;, FIM,,., and FIMilc be the FIM associated with
the stochastic parametrlzatlons (3), oy and o, respectively.
From the one to one mapping au,. < ., we get [FIM |, =
[FIM,,.]y (where [.]y denotes the submatrix determined by the
first K rows and columns). Furthermore FIM; = [FIM/,.];
where [.]; denotes the principal submatrix determined by the
rows and columns induced by the parametrization of FIM; . Con-
sequently, taking the inverse, we get [FIM;]"! < [FIM'.!];
[22, th. 7.7.8]. Then, taking the principal submatrix deter-
mined by the first K rows and columns, we get CRBc! (6) <
CRB, (6). u

Proof of Theorem 5: Let FIM3 be the FIM associated with
the parametrizations (3) for which p = ([Ry]; 4.1<r<x )’ . For
rectilinear uncorrelated sources, FIM3 = [FIM; |3, where [.]3
denotes the principal submatrix determined by the rows and
columns induced by the parametrization of FIMj3. Taking the
inverse, we get [FIM;]~! < [FIM;']3 [22, Th. 7.7.8]. Then,
taking the principal submatrix determined by the first K rows
and columns, we get CRBc* (6) < CRB ' (). [ |

sto sto
Flnally, by notmg that for coherent rectilinear sources, H =
keeel in (11) gives CRBL S (w) = CRBLS (w), It follows
|

sto sto
then that CRB'** (8) = CRB!! (6).

sto
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