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MUSIC-Like Estimation of Direction of Arrival
for Noncircular Sources
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Abstract—This paper examines the asymptotic performance of
MUSIC-like algorithms for estimating directions of arrival (DOA)
of narrowband complex noncircular sources. Using closed-form ex-
pressions of the covariance of the asymptotic distribution of dif-
ferent projection matrices, it provides a unifying framework for
investigating the asymptotic performance of arbitrary subspace-
based algorithms valid for Gaussian or non-Gaussian and complex
circular or noncircular sources. We also derive different robustness
properties from the asymptotic covariance of the estimated DOA
given by such algorithms. These results are successively applied
to four algorithms: to two attractive MUSIC-like algorithms pre-
viously introduced in the literature, to an extension of these algo-
rithms, and to an optimally weighted MUSIC algorithm proposed
in this paper. Numerical examples illustrate the performance of the
studied algorithms compared to the asymptotically minimum vari-
ance (AMYV) algorithms introduced as benchmarks.

Index Terms—Asymptotically minimum variance (AMYV), com-
plex noncircular sources, direction of arrival (DOA) estimation,
MUSIC algorithm, subspace-based algorithms.

1. INTRODUCTION

HERE is considerable literature about second-order statis-

tics-based algorithms for estimating the direction of arrival
(DOA) of narrowband sources impinging on an array of sen-
sors. Among these algorithms, subspace-based algorithms, i.e.,
algorithms obtained by exploiting the orthogonality between a
sample subspace and a DOA parameter-dependent subspace,
have been mainly proved very interesting. However, up to now,
these algorithms have been designed under the complex circular
Gaussian assumption only (see, e.g., [1] and [2]).

In mobile communications, after frequency downshifting
the sensor signals to the baseband, the paired in-phase and
quadrature components may be complex noncircular [for
example, binary-phase-shift-keying (BPSK) and offset-quadra-
ture-phase-shift-keying (OQPSK) modulated signals). Because
the second-order statistical characteristics are also contained in
the unconjugated spatial covariance matrix for noncircular sig-
nals, second-order asymptotically minimum variance (AMV)
algorithms [3] and Gaussian maximum-likelihood algorithms
[4] must be based on the two covariance matrices. In [3],
the potential benefits due to the noncircular property have
been evaluated using a closed-form expression of the lower
bound on the asymptotic covariance of estimators given by
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arbitrary second-order algorithms. However, the generalized
covariance-matching algorithm that attains this bound requires
a multidimensional nonlinear optimization, which is com-
putationally demanding. Consequently, we need suboptimal
monodimensional optimization algorithms that could benefit
from the noncircular property. Such algorithms have been
introduced in the context of uncorrelated sources of maximum
noncircularity rate impinging on a uniform linear array in
[5]-[8], where their performance was observed by simulation
only. The aim of this paper is to extend these algorithms, to
provide generic asymptotic results for subspace-based esti-
mates of the DOA for noncircular sources based on closed-form
expressions of the covariance of the asymptotic distribution
of extended projection matrices, and to apply these results to
specific MUSIC-like algorithms.

The paper is organized as follows. The array signal model and
the statement of the problem are given in Section II. The po-
tential benefit due to the noncircularity property is underscored
by the help of subspace-based algorithms built from the uncon-
jugated spatial covariance matrix only in Section III. The four
subspace-based algorithms that we shall study are described in
Section IV. Their performance is analyzed in Section V using
a general functional methodology. Finally, numerical illustra-
tions and Monte Carlo simulations of the performance of the
algorithms are given in Section VI.

The following notations are used throughout the paper. Ma-
trices and vectors are represented by bold upper case and bold
lower case characters, respectively. Vectors are, by default, in
column orientation, while 7', H, *, and # stand for transpose,
conjugate transpose, conjugate, and Moore Penrose inverse, re-
spectively. E(-), Tr(+), Det(:) || - l|Fro> R(+), and I(+) are the
expectation, trace, determinant, Frobenius norm, and real and
imaginary part operators, respectively. I is the identity matrix.
vec(+) is the “vectorization” operator that turns a matrix into a
vector by stacking the columns of the matrix one below another,
which is used in conjunction with the Kronecker product A ® B
as the block matrix whose (%, j) block element is a; ;B and with
the vec-permutation matrix Kj,, which transforms vec(C) to
vec(CT) for any M x M matrix C.

II. STATEMENT OF THE PROBLEM
Let an array of M sensors receive the signals emitted by K

narrowband sources. The observation vectors are modeled as

Vi = Axy 4+ ny,

where (y:)¢=1,.. 7 are independent and identically distributed
(iid). A = [a,...,ak] is the steering matrix, where each
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vector a, = a(fy) is parameterized by the real scalar param-
eter 0. x; = (241,...,74,x)" and n; model signals trans-
mitted by sources and additive measurement noise, respectively.
x; and n; are multivariate independent, zero-mean; n, is as-
sumed to be Gaussian complex circular, spatially uncorrelated
with £ (ntnt ) = J%I > wWhile x; is complex noncircular, not
necessarily Gaussian and possibly spatially correlated with non-
singular covariance matrices R, g (xtxt ) and R/, Lef
E (xtxt ) Consequently, this leads to two covariance matrices

79K)
R, = AR, A" + 02y and R, = AR, A" # O.

of y; that contain information about o« (91, ..
(2.1)

These covariance matrices are traditionally estimated by
Ryr = (1/7) Zthl y:yi' and R;,T = (1/7) Zthl yiyi »
respectively. The parameter vector © is assumed identifiable
from (R, R;).

For a performance analysis, we suppose that the signal
waveforms have finite fourth-order moments. The fourth-order
cumulants of the sources (x4, Tt j, Tt g, Te,1)i j kb i=1,.. K are
gathered into the K% x K2 quadrivariance matrix Q, defined by
(Q)it(i-vK k+-1x = Cum ((Xe)i, (x0)5, (Xe)5, (Xe)1).
The noncircularity rate pj, of the kth source is defined by
E (a:fk) = = prei® o2, where ¢y, is its
noncircularity phase and satisfies 0 < pr < 1 (from the
Cauchy—Schwartz inequality).

The problem addressed in this paper is to estimate the DOA
© from the two sample covariance matrices R, r and R,'y7T by
using subspace-based algorithms. The number K of sources is
assumed to be known.

prei** E ’xfk‘

III. SUBSPACE-BASED ALGORITHMS BASED ON R ; ONLY

We prove in this section the potential benefit due to the
noncircularity property by proposing a MUSIC-like algorithm
based on the unconjugated spatial covariance matrix only.
Because R; and R, have a common noise subspace (see (2.1))
with associated orthogonal projection matrices I' = II, the
first idea for estimating © from R;,T alone, is to apply the
following steps: Estimate the projection matrix I associated
with the noise subspace of R1 . using the singular value
decomposition (SVD) of the symmetric complex-valued matrix
R;’T and, then, use the standard MUSIC algorithm based
on H’T, where the DOA (0k,1)r=1,. x are estimated as the
locations of the K smallest minima of the function

9,?’1%0 = arg mgin go.7(6) with go 1 (6) def a () a(h).

3.1
Compared to the standard MUSIC algorithm based on Il as-
sociated with the noise subspace of R, r, whose performance
is given e.g., in [1, rel. (3.11a)], we prove in Appendix A the
following

Theorem 1: The sequences \/T(@T — 0), where O is the
DOA estimate given by these two MUSIC algorithms, converge
in distribution to the zero-mean Gaussian distribution of covari-
ance matrix given by

(Co)r,i =

R ((af’ Uay) (ajIIa))) (3.2)

07709
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H
with aj, e (day/dfy) and «y e 2a’;, Ilaj,, where U e

o2S#R,S* with S & AR, A# and U ¥ 528" *RTg'#
with §/ et AR’ AT for the MUSIC algorithms built on R, 7
and R}, 7, respectively.

As a result of the similar structure of Cg, given by these
two MUSIC algorithms, the asymptotic performance of their
estimates can be very similar. In particular, for only one source,
it is proved in Appendix A that these asymptotic variances are
respectively given by

1 [o2 1 ot
Cy = — _n + _n
" T an L% ||a1||2a;1}
1 [0 1 o
and Cy, = [ T ZUn}
1/)1 llal| ‘71

We note that for p; = 1 (e.g., for an unfiltered BPSK modu-
lated source), these two variances are equal. Naturally, when p;
approaches zero, Cy, is unbounded and the unconjugated spa-
tial covariance matrix Rg, conveys no information about 6;. In
consequence of Theorem 1, the following query is raised: How
does one combine the statistics II;- and IT',. to improve the esti-
mate of ©? A possible solution is proposed in Section I'V.

IV. SUBSPACE-BASED ALGORITHMS UNDER STUDY

To devise subspace-based algorithms built from both R, 7

def
and R}, T we consider the extended covariance matrix R; =

E(ytyt ) where
det [y
Yyt = <yt*>

for which
R; = AR:;A" 4+ 021y (4.1)
with
~ def A (0) def RT R;
A= (O A*) and R; <R;* R;) . 4.2)

From the assumptions of Section II, K < rank(R;) < 2K
and depending on this rank, many situations may be considered.
We concentrate first on a particular case (case 1) for which the
sources are uncorrelated and with noncircularity rate p;, equal to
1 because very attractive algorithms have been devised for this
case [5], [6]. This case corresponds, for example, to unfiltered
BPSK or OQPSK uncorrelated modulated signals In this case,

R, = A andR = A A, with A, < Diag (02,...,0%)

and Ay ¢ Lo Dlag( 91 .. e'?x), Consequently

o A AL\ ([ Ik ’
() ()

and rank(Rz) = K. Then subsequently, we consider the gen-
eral case for which rank(R;z) = 2K (case 2). This case cor-
responds, for example, to filtered BPSK or OQPSK modulated
signals. In these two cases, using the structured matrices A and
R; (4.2), we prove the following lemma.

A,
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_ Lemma I: Incases 1) and 2), the orthogonal projector matrix
II onto the noise subspace is structured as

= (I, I
“‘(n; n’;)

where II; and II; are Hermitian and complex symmetric, re-
spectively, and where II; and II, are not projection matrices in
case 1 and II; is the orthogonal projector onto the column space
of A and I, = O in case 2. Furthermore, the orthogonal pro-
jector onto the noise subspace IIT associated with the sample
estimate Ry 7 of Ry has the same structure

ﬂT _ <H1,T H2,T>
= * *

Hz,T H1,T
where II; 7 and II 7 are Hermitian and complex symmetric
respectively.

Proof: Noting that Ry or R 7 satisfy the relation Ry =
J ]\[REJ M With

(4.3)

J def O]u I]u
M=\1y Oy

. [ Uy
if U denotes the partitioned eigenvectors matrix associ-
2

ated with the signal subspace of R; or Ry 7, the corresponding
signal part of the eigenvalue decomposition of Ry or Rj 7 is

U U3
(b:)=(ur ug)=au (P =0T U
2 2

Due to the uniqueness of these normalized eigenvectors up to a
unit modulus complex constant, we have Uy = UTA, where A
is a diagonal matrix whose diagonal is composed of unit mod-
ulus complex terms. Consequently, these orthogonal projector
matrices onto the noise subspace are structured as

O =TI - <U1> (UH Ul

U
I U, U# U, ATUT
—RMT\urauf uruT )

In case 2 specifically,

N e\ o, O
H:IW—A(AHA) AH:<01 11*)
1

-1

with I, €' 1), — A (AHA) T AH, n

A. Case 1: Uncorrelated Sources With p, = 1

Consider now three subspace-based algorithms for case 1.
An algorithm (denoted Alg,), devised in [5], has been derived
from the standard MUSIC algorithm because in this case (4.1)
becomes

A
RQ = (A*A;;> Ag’ (AH Ad;AT )H + 0'212]\[- 4.4)
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Specifically, the estimated DOA (6 r)k=1,... x are obtained
as the locations of the K smallest minima of the following
function:

9;/:,1%1 = arg H{oin g1.7(0)

with
g10(0) < mina” (0, §)llza(0, 9)
=af (I, ra(d) - |aT(0) ;7Ta(0)| 4.5)

with the extended steering vector

w00 ()

Noting that
a6.)MMa(6,0) = (1 )M

with

e (P S )

the matrix

Mr (Ef<a§;0) ag;)>ﬁT(ag> a*?m)

is positive definite and a consistent estimate of the rank deficient
2 x 2 matrix M. Consequently, we can propose a new subspace-
based algorithms (denoted Alg,) defined by

Alg; .
Hk’%z = argmin g2.7(0)

with

gz,T(e) déf Det(MT)
= (a H1 Ta )2
— (a ()3 ra(f)) (a™ () ra*(9)) -

(4.6)

In the particular case of a uniform linear array, replacing
the generic steering vector a(f) = (1,¢%,... ¢ (M-DNT
by a(z) ¥ (1,2,...,2M")T in (4.6), [6] proposed a
root-MUSIC-like algorlthm (denoted Alg,) defined by

9?1753 = arg(z,) with zx K roots|;|<; of

g37(2) closest to the unit circle (4.7)

where g3 7(#) is the following polynomial' of degree 4(M — 1)
whose roots appear in reciprocal conjugate pairs z;, and (z})
as follows:

gs.0(2) & (@7 (=" ra(z))”
— (" ()5 pa(2)) (" (27" ra(z"")) .

'We note that this procedure allows one to estimate up to 2(M — 1) possible
DOA, whereas the upper bound is 2M — 1[9].
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B. Case 2: Arbitrary Full-Rank Spatial Extended Covariance
Matrix

Based on

=~ (I Il A O

- () (5 %) -
different MUSIC-like algorithms can be proposed. Since II;, =
O, a natural idea consists in proposing the following algorithm
(denoted Alg, )

O = arg min afl ()M, ra(h)

4.8)
It is shown in Section V, however, that this algorithm is always
outperformed by the standard MUSIC algorithm based on R,
only. Using the ideas of the weighted MUSIC algorithm intro-
duced for DOA estimation [2], then applied for frequency esti-
mation [10], [11], we propose the following column weighting?
MUSIC (denoted Algs):

9,‘?1% = arg n{oin g5.7(6)

with g5 7(6) = oy (WAH( )l:ITA(H)) , where Wisa2 x 2
nonnegative definite weighting matrix whose optimal value will
be specified in Theorem 7, and A () is the steering matrix

(" o)

To derive the optimal weighting matrix W = (w1 .

wi,2
Wiy, Wap
in Section V, the weighted MUSIC cost function can be writtén
as

95 7(0) = (w11 + w2 2)
x (2™ (9)I; ra(f) + R(za” (§)Iz ra(h))) (4.9)
with z & (2wy 5 /w1 1 + wa2). Consequently, the perfor-

mance of this algdrithm depends only on z. By choosing W
diagonal, we have z = 0, and this algorithm reduces to Alg,.

V. PERFORMANCE ANALYSIS
A. Second-Order Algorithms Based on R, Only

Considering first the influence of the noncircularity on the
performance of an arbitrary second-order algorithm based on
R, 1 only, we prove the following theorem.

Theorem 2: All DOA consistent estimates given by an arbi-
trary second-order algorithms based on R, 7 only, that do not
explicitly suppose the sources to be spatially uncorrelated, are
robust to the distribution and to the noncircularity of the sources;
i.e., the asymptotic performances are those of the standard com-
plex circular Gaussian case.

2We note that unlike II;, the positive semidefinite matrix IL; -+ is not a pro-
jection matrix.

3Because II; is an orthogonal cost function

||HTA(9)W1/2||Fm reduces to g5 (9).

projector, the
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Proof: Based on these assumptions, the Jacobian matrix
Dglg of the mapping (R, » — ©p = Alg(R, 1)) that asso-
ciates the estimate ©1 to R, r satisfies the constraint (see [12])

D% (A*®A)=0
and because the covariance matrix C,. of the asymptotic distri-
bution of vec(R, 1) is given by [3]

C,, = (A*®A)C,, (AT @ AT) 4+ o1y
+021y @ AR AT + A*RXAT @ 021,

with C,., = R ® R, + Kx (R, ® RY) + Q., where Q. is
the quadrivariance matrix defined in Section II, the first term of
C,,y (which contains R/, and Q) disappears in the expression
of the covariance

Cglg _ Dglgcry (Dglg)H

of the asymptotic distribution of the estimated DOA © given
by the algorithm Alg(-). [

B. Subspace-Based Algorithms Built From Ry 4

To consider the asymptotic performance of an arbitrary sub-
space-based algorithms built from Ry -, we adopt a functional
analysis which consists of recognizing that the whole process
of constructing an estimate ©7 of © is equivalent to defining a
functional relation linking this estimate @ to the statistics 11
from which it is inferred. This functional dependence is denoted
O = Alg(II7). By assumption, © = Alg(II), so arbitrary suf-
ficiently “regular” subspace-based algorithms built from Ry r
constitute distinct extensions of the mapping II —— ©. For
the different algorithms Alg(-) defined in Section IV, we note
that this mapping is differentiable with respect to (IT;, I, IT3 ).
With this approach, the asymptotic distributions of the estimates
given by these algorithms are directly related to the asymptotic
distributions of It or (IL; 7,1, 7, H;T) for which we prove
the following theorem in Appendix B.

Theorem 3: The sequence of statistics

) ) vec(Ily 7 — IIy)
VTvec (HT — H) and VT vec(Ily r — IIy)
vec(I; - — II5)

converge in distribution to the zero-mean Gaussian distributions
of first covariance matrices

Cq = T + Ko (Inr ® Inr)) ((ﬁ* ® ﬁ) + (fJ* ® ﬁ))

.1
and
Cm, ng,nl Cg;,nl
Comm = | Co,m, Cn, CH q, (5.2)
CH;,H1 CH;,H2 Ch;
with
Cn, =(IIT @ Uy) + (U7 @ IIy)
+ K (II; ® U3) + (U @ I13))
Cn, = (Iarz + Kn) (I @ Up) + (U @ II))
Cr,m, = (Iar2 + Kar) ((Hz ®Up) + (U, ® L))
Cuym, = (Iae + Ko) (I @ U3) + (U @ 1))
C; ., = (Tne + Kyy) (I3 @ U3) + (U3 @ 1))

(5.3)
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= def
where U =

AR; A,
We note that Theorem 2 does not extend to arbitrary
second-order algorithms based on Rgj 1 because here

Dglg A*® A) # O due to the constraints on R; (see

the proof in [12]). However, since expression (5.1) of Cy; does
not depend on the fourth-order moments of the sources, we
have proved the following

Theorem 4: The asymptotic performance given by an arbi-
trary subspace-based algorithm built from R - depends on the
distribution of the sources through their second-order moments
only.

More specifically, regarding the algorithms described in
Section IV, we prove the following.

Theorem 5: The sequences \/T(@T — ©), where Or are
the DOA estimates given by the first three subspace-based algo-
rithms (respectively, algorithms 1 and 2) described in Section IV
for a uniform linear array (respectively, arbitrary array), con-
verge in distribution to the same zero-mean Gaussian distribu-
tion* with covariance matrix

o2S#R;S* = <U1 U2> with § %'

U; Up

U}

1 a
c LB gD [ Yo 54
(Cody =55 (s —ea) <—a§l)¢> oY
with (B(kJ))m, def 43?((6{13*5}") (é'fkﬁég',z)),

1,7 = 0, ¢, where

a def < ag
k = * —idy
ae

&, = (dar/dby), &, ), (day/dy) and with

( (’k])>i,j:0,¢

and ~;, being the purely geometric factors
afl) =R (5’fkﬁ5}k>

and 7y, def g 9) ;3) — ( ékd))) In particular
(k )

2%,
(Colyp="—" ( Uak) k=1,....,K  (55)
which gives in the case of a single source
1 [o? 1 o
Co, = — 5+ —— 5.6
0= T ] 0o

def
where «; is the purely geometric factor 2a) Ha1 with aj =

(da1 / d61)

Remark: 1f the case of a single noncircular complex
Gaussian distributed source of maximum noncircularity rate
(p1 = 1), asymptotic variance (5.6) attains the noncircular
Gaussian Cramer—Rao bound given in [4]. Consequently, the
first three subspace-based algorithms described in Section IV
are efficient for a single source.

Proof: First, we note that the cost functions g (o) and
g2,7() givenin (4.5) and (4.6), respectively, satisfy the relation

g2.7(a) = g1.7(a)rr (o) with rr() Lef (af (o)} ra(a)) +
aT(a)l'IgTa(a) , where in exact statistics (6 ) # 0 (because

4These three algorithms have different behavior outside the asymptotic
regime, as will be stressed in Section VI.
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if 7(f%) were to vanish, we would have af (§;)II;a(f)) = 0
and |aH(9k)H2a*(0k)| = 0, and consequently

( ” )
* 103
aje

would belong to the signal space of R for all values of 3, which
leads to a contradiction with (4.4). Then, applying the proof [1,
Theorem 3.2], the estimates minimizing ¢ r and g3 7 have the
same asymptotic distribution and consequently algorithms 1 and
2 have the same asymptotic performances.

Then, to prove that algorithms 2 and 3 have the same asymp-

totic performances, we consider the first-order perturbation ex-

def def
pansions of 60y = Hk 1 — O as a function of 6II; 1 =

II; 7 — II; and 61T27T = HQYT — II, given by these two algo-
rithms. Following the lines of the derivation given in [13] where
the standard MUSIC and root-MUSIC algorithms are replaced
by algorithms 1 and 3, respectively, we prove in Appendix C
that these algorithms satisfy the same perturbation expansion

Opr =0k + Alvkvec(éﬂl,T) + AQYkVeC((SHQ_’T)
+A3 pvec(OIL; ) + o(8ILy ) + o(My, ). (5.7)

The proof is completed in Appendix C, where the DOA estimate
given by algorithm 1 is proved to converge in distribution to a
Gaussian distribution whose covariance matrice is given with
(5.4), (5.5), and (5.6). ]
In case 2, it is straightforward to prove the following theorem.
Theorem 6: The sequence /T (07 — ©), where O is the
DOA estimate given by the MUSIC-like algorithm (4.8) de-
scribed in Section IV, converges in distribution to the zero-mean

Gaussian distribution with covariance matrix
(Co)y, = (Dglg4CH1Dglg4)

2

- akaléﬁ ((affUsay) (2

k,l

Ma)  (5.8)

A1g4 _ Algo . . :
where D™ = D™’ is given in (A.3). Because

Ui Uz _ og#p a#
(U; UT) =0,S"R;S
with § = AR;;AH , we note that the performanf:e of this al-
gorithm is critical when R; which interacts in S approaches
singularity. This is particularly the case when the sources are
uncorrelated with at least a nonc:lrcularlty rate that tends to one
(because in this case, det(R;) = Hk Lot (T =p3)).
For a single source (5.8) gives
1 0,21 1 (1 + p%) ok

o (=) o2 " Tl (1= p3) of
and, consequently

O e > CMUSIC

Alg, _
Cy, ™t =

01
1 0721 1 ol
=— + 7 and
ai ‘71 llaa||? oy
lim C Algs _ oo, 5.9

p1—1
Thus, this algorithm is always outperformed by the standard
MUSIC algorithm. This critical property will be studied for two
sources, through numerical examples in Section VI.
Then considering the second algorithm proposed in case 2,
we prove in Appendix D the following.
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Theorem 7: The sequence /T (07 — ©), where O is the
DOA estimate given by the weighted MUSIC algorithm intro-
duced in Section IV converges in distribution to the zero-mean
Gaussian distribution with covariance matrix

(Coly = o122 1) ((A}CU A; ) (A’HHA’)
¥ (A;Tﬁ*A;*) ® (AkaJAl ) (1z* 212 (5.10)
. def % x def n
with z = (2wi,/wi1+wa2), Ay = A(f) and
A def (dA}/dfy). Furthermore, the value 2" that min-
imizes (Ce)x « is given by
Ty1*
opt - _ ap Usag 511
“k akHUlak ( ’ )
for which the minimum value of (Co), , is
Det (Af/UA,)
min (Ce)y, , = (5.12)

2 (akHUlak) (a?cHﬁlagc) '

For a single source, we prove in Appendix E.

Corollary 1: The asymptotic variance of the DOA estimate
given by the optimal weighting MUSIC algorithm attains the
noncircular Gaussian Cramer—Rao bound for all values of the
noncircularity rate in the single source case.

Remark 1: The optimal value of the weight previously de-
rived depends on the specific DOA whose variance is to be min-
imized, which means that the optimal weight is not the same for
all DOAs. This, however, might have been expected as MUSIC
estimates the DOAs one by one. In addition, it should be noted
that z;>" is sample dependent. Consequently, this value ought
to be replaced by a consistent estimate in the implementation of
the optimal weighting MUSIC algorithm. This point will be de-
scribed in Section VI). We note that this replacement of z°pt by
a consistent estimate has no effect on the asymptotic variance of
the weighting MUSIC algorithm as it is proved in Appendix E.

Remark 2: For circular sources, Ry is block diagonal. This
successively implies that S, S#, and U are block diagonal.
Consequently, Uy = O, z°pt = 0, Wy is diagonal, and
the optimal weighting MUSIC algorithm reduces to the stan-
dard MUSIC algorithm. Then, (5.12) becomes min. (Cg); , =

allUa;, /24’ kHl'Il a%), which is the asymptotic variance given
by (3.2).

To implement this optimal weighted MUSIC algorithm, we
propose to use the following multistep procedure described in
[11, sec. 7].

1. Determine standard MUSIC estimates of (0 )x—1

from Ry 7.

2. Fork =1,..., K, perform the following: Let Hg,T de-

note the estimates obtained in step 1. Use

(eg,T)k=1 K

and the estimate Uy 7 and Uy 7 of Uy and U derlved
from Ry T to obtain consistent estimates z 7 of zk
Then, determine improved estimates 6}, ;. by locally min-
imizing the weighted MUSIC cost functlon (4.9) associ-
ated with zj 7 around Hk_T.

K

IRERE)
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Alg1
Alg2
Alg3
AMV(RR))

x % + O

asymptotic variance of ,

=)

SNR (dB)

Fig. 1. Theoretical and empirical asymptotic variances given by algorithms 1,
2, and 3 and AMV algorithm based on (R, 7, R/, ;) as a function of the SNR
for A6 = 0.05rad, A¢ = « 6 rad.

VI. ILLUSTRATIVE EXAMPLES

In this section, we provide numerical illustrations and Monte
Carlo simulations of the performance of the different algorithms
presented in Section IV and numerical comparisons of the vari-
ances of these DOA estimates to the asymptotic variance of
AMYV estimators based on Ry 7 (i.e., R, r and R;,T) and on
R, 1 alone [3].

We consider throughout this section two uncorrelateds

equipowered (SNR ' (62/02)) filtered or unfiltered

BPSK modulated signals with identical noncircularity rate

(p def p1 = p2) with phases of noncircularity ¢; and
¢o. These signals impinge on a uniform linear array with
M = 6 sensors separated by a half-wavelength for which
ap = (1,e% ..., ! M=DNT where #;, = msin(ay), with
ay, the DOAs relatlve to the normal of array broadside. 1000
independent simulation runs have been performed to obtain the
estimated variances and the number of snapshots is ' = 500
[respectively, T' = 1000] in case 1 [respectively, in case 2].
The first experiment illustrates Theorem 5 for which p = 1.
Figs. 1-3 exhibit the dependence of var(f, ) given by algo-
rithms 1, 2, and 3, and by the AMV algorithm based on Ry 7
(i.e., on Ry r and R} 1), with the SNR, the DOA separation
Af = 05 — 601, and the noncircularity phase separation A¢ =
¢2 — ¢16. Figs. 1 and 2 show that the domain of validity of
our asymptotic analysis depends on the algorithm. Below an
SNR threshold that is algorithm dependent, algorithm 3 (root-
MUSIC-like algorithm) outperforms algorithm 2, which outper-
forms algorithm 1, and naturally all three algorithms clearly out-
perform the standard MUSIC and the AMV algorithm based on
R, 1 alone. In Fig. 2, we note that the asymptotic variances

5We concentrate on uncorrelated sources because it was shown in [3] that ex-
pected benefits due to the noncircular property happens mainly for uncorrelated
sources.

6By virtue of numerical examples, the different theoretical variances depend
on 6y, 62, @1, @2 by only A8 = 6, — 6, and Ap = ¢, — ¢, in case 1
[only A8 = 6, — 6, in case 2] for two equipowered sources with identical
noncircularity rates.
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Fig. 2. Theoretical and empirical asymptotic variances given by algorithms
1, 2, 3, standard MUSIC and AMV algorithms based on R,  only and on
(Ry,7, R/ ;) asafunction of the DOA separation for SNR =20 dB, A¢ = 7
6 rad.

-
5
3
e
8
g
2
g
3
E
£
]

10'6 1 L 1 1
0 01 02 03 04 05
circularity phase separation (rd)
Fig. 3. Theoretical asymptotic variances given by algorithms 1, 2, and 3 and

(1) by the AMV algorithm based on (R, ¢, R/ ;) (2) as a function of the
noncircularity phase separation for two DOA separations and SNR = 20 dB.

given by algorithms 1, 2 and 3 and the AMV algorithm tend
to a finite limit when the DOA separation decreases to zero.
For algorithms 1, 2 and 3, this strange behavior is explained by
the two nonzero eigenvalues (A )g=12 of S which interact in

U« 2§#R;S# that appears in (5.5) of Theorem 5. With

M = 2Mo? | 14 (=1)F cos <(M - l)% - A¢S>

k=12

we see that one of these eigenvalues approaches zero, and con-
sequently the asymptotic variances increases without limit only

if both AG and A ¢ tend to zero. For the AMV algorithm, Co =
[(SHCSAS)A] (LK LK) (see the notations of [3]) and S is
column rank deficient -only if both A@ and A¢ tend to zero
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Fig.4. Ratior; def \"aroAlMV(R’R,) /V: argAllgl’Q ** as a function of the SNR for
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as well. Fig. 3 illustrates the sensitivity of the performances
to the noncircularity phase separation A¢, which is particu-
larly prominent for low DOA separations. Figs. 1 and 2 show
the good efficiency of these three algorithms compared to the
AMV estimator based on Ry 7, particularly for large DOA sep-

arations. To §pecify this point, Fig. 4 exhibits the ratio r; def
Var?lMV(R’R ) / Var?llgl’z'?’ as a function of the SNR for different
DOA separations. It shows that algorithms 1, 2, and 3 are very
efficient, except for low DOA separations and low SNRs.

The second experiment considers arbitrary noncircu-

larity rates p (case 2). Fig. 5 exhibits the ratio 72 def

Varg/fUSIC(R) / VaJreAl1g4 as a function of the noncircularity
rate for different DOA separations. It shows that algorithm 4
is worse than the standard MUSIC algorithm based on R, 7
alone, for all scenarios. This extends that a property proved by
(5.9) in the single-source case.

In the following, we concentrate on the optimal weighted
MUSIC algorithm (alg5) introduced in Section IV-B. Compared
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with the standard MUSIC algorithm based on R, 1, Figs. 6 and
7 show that algorithm 5 outperforms the standard MUSIC al-
gorithm, particularly for low SNRs and DOA separations when
the noncircularity rate p increases.

The efficiency of this optimal weighted MUSIC al-
gorithm is e,:xhibited in Fig. 8 through the ratio 74 def
VareAlMV(R’R ) /Varg}llgs. We show that, despite the fact that
algorithm 5 improves the performance of the standard MUSIC
algorithm based on R, 7 for low SNRs and DOA separations
when the noncircularity rate p increases, its efficiency decreases
in these circumstances.

Tables I and II compare our theoretical asymptotic variance
expressions with empirical mean square errors (MSEs) obtained

2685

SNR=10 dB

0.8

SNR=5dB

0.7

0.6

0.5

SNR=0dB

03k [ L I L L L 1 1

non circularity rate

Fig. 8. Ratio r; % \r’aroAlMV(R'R/)/Var;lgs as a function of the
noncircularity rate for different SNRs for A8 = 0.1 rad, A¢ = 7 6 rad.

from Monte Carlo simulations for the standard MUSIC and
the optimal weighted MUSIC algorithms for p = 0.9, Af =
0.2~{\hbox{rad}}. We see that there is an agreement between
the theoretical and empirical results beyond a SNR threshold.
Below this threshold, the optimal weighted MUSIC algorithm
largely outperforms the standard MUSIC algorithm.

VII. CONCLUSION

This paper has provided a unifying framework to investi-
gate the asymptotic performance of arbitrary subspace-based
algorithms for estimating DOA’s of narrowband complex non-
circular sources by giving closed-form expressions of the co-
variance of the asymptotic distribution of extended projection
matrices. Different robustness properties of the asymptotic co-
variance of the estimated DOA given by such algorithms are
proved. These results are applied to different MUSIC-like al-
gorithms. We have proved that such specific algorithms largely
outperform the standard MUSIC algorithm in the case of un-
correlated sources with maximum noncircularity rate. In the
general case of nonsingular extended spatial covariance of the
sources, the optimal weighted MUSIC that we have introduced
outperforms the standard MUSIC algorithm as well, but the of-
fered performance gain is noticeable for low SNRs and DOA
separations only. Furthermore, this optimal weighted MUSIC is
computationally more demanding than the standard MUSIC al-
gorithm. Consequently, from an application viewpoint, this gain
in performance may not motivate the extra computational com-
plexity. In this general case of nonsingular extended spatial co-
variance of the sources, only multidimensional nonlinear opti-
mization algorithms such as the subspace-based AMV estimator
seems to be able to totally benefit of the noncircular property.
A study to deal with this issue is underway.
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TABLE 1
Af = 0.2 rad
Standard MUSIC Optimal weighted MUSIC
SNR (dB) || empirical MSE | theoretical variance || empirical MSE | theoretical variance

6 4.452.1073 4.589.10~4 3.154.10~4 4.151.107*
8 1.600.1073 2.604.10~% 2.344.10~* 2.449.10~*
10 2.809.10~* 1.527.10~4 1.561.10~* 1.474.104
20 1.338.107° 1.348.107° 1.337.10°° 1.347.10°°

TABLE 1I

A6 = 0.2rad AND SNR = 8 dB

Standard MUSIC

Optimal weighted MUSIC I

empirical MSE

theoretical variance

empirical MSE | theoretical variance

01 1.600.1073 2.604.10~*

2.344.10~% 2.449.10~*

0y 1.800.1073 2.604.10~*

2.457.10~% 2.449.10~4

APPENDIX A
PROOF OF THEOREM 1

Because II, is the orthogonal projector onto the noise sub-
space of the Hermitian matrix R;J,TR’ 51 7 the standard pertur-
bation result (B.1) for orthogonal projectors associated with in-
variant subspaces of Hermitian matrices can be applied, as fol-
lows:

o(I) = —1's (R, R} ) (R R/, )#
- (R;R'f)# o (RyR )T +0 (s (RyRYY)).
Using 6 (RyR'} ) = (R)R'} + Ry6 (R'})) + o(6(R,),

=R’ f , we obtain

#
H H
'R, = 0.and R} (R, R'}')
H# H
§(IU) = —T's(R,R'F —R77 s (R'y ) T + 0 (§(R)) .

Then using the standard theorem of continuity (see, e.g., [18, p.
122]) on regular functions of asymptotically Gaussian statistics,
the asymptotic behaviors of II’- and R;/,T are directly related
and the first covariance matrix of the asymptotically Gaussian
distribution of IT’; can be written as

— # * * 7
Cw=(R¥ell I"oR")

C, C;,/ r# /
x (C, o ) (EJ %) (A1)

G ®RYy
where the expressions of
C, = FE (ye®y: — vec(Ry))(y: ® yr — vec(R;))H) and
C;; = F (yt @yt — vec(R))) (vt @yt — vec(R;))T) are
given in [3, Lemma 2]. Inserting these expressions in (A.1) and
using A = O, R/ y# Ryl'I' = O, we obtain after tedious

but simple algebra manipulations

Cp=II"oU+U* eIl (A.2)

where U is given here by 028"*#R]'S'#. Using again the stan-
dard theorem of continuity, the DOAs estimated by the MUSIC
algorithm based on IT',. are asymptotically Gaussian distributed

H
with covariance Cg = Dglgo C (Dglgo) , where the Jaco-

bian matrix Dglgo of the mapping that associates O to Hf‘p is
given by

df

. -1
withd] = — (a)f ® af +a] ®@a}?)

Algo _
Dg* =
Qg

d

(A.3)

straightforwardly obtained from a first-order expansion of

(090,7(6)/90) 14—, 156, , = 0. Using expression (A.2) of
Cyy, expression (3.2) of Cg is straightforwardly deduced.

In the case of a single source, U =

(02 (o2lla])? + 02) fotp2lan]®)asall,  and  the

expression of Cy, follows.

APPENDIX B
PROOF OF THEOREM 3

The proof relies on the standard central limit theorem
applied to the independent equidistributed complex non-

circular random variables y; ® y: with y; = Ax; + ng.
Thanks to simple algebraic manipulations of C,, =
E (37 ® ¥t — vec(Ry))(¥7 @ ¥ — vec(Ry))™), we

straightforwardly obtain

C,, =R; ®R; + Kon (R} ® R%i) ] ) )
+(A* @ A)Q: (AT @ AH)

with RS < E(y,57) and where (Qz )iy (j_1)26 p+(1-1)2K =
Cum ((X¢)i, (X¢)3, (X¢)f» (X¢)1). Then using the standard per-
turbation result for orthogonal projectors [17] (see also [13])
applied to II associated with the noise subspace of R

§(I) = —II§(R;)S™ — S#§(Ry)IM + 0 (8(R;))  (B.1)
the asymptotic behaviors of ﬁT and Ry 7 are directly related.
The standard theorem (see, e.g., [18, p. 122]) on regular func-
tions of asymptotically Gaussian statistics applies and the first
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covariance matrix of the asymptotically Gaussian distribution ~ With expressions (B.3) and (5.1) of II, we obtain
of Il can be written as . .
Cn, Cmm Con Cmm

L~ o ~ Co 1 Cp+ Cmrm, CFf
L — # # 2541 2 2aH2 Mo, I,
CH - ((H & S~ ) + (S ®H)) N CHQ,Hl Cg;,HZ (31_[2 C*H;Hl
x Cp, (I @ §%) + (5% 1)) Cfm Chan Chm OCn
k- I T
= (" @8#)+ (8 < 1) :(C‘(') &)
x (R @ Ry + Kaon (R, @ R, ")) y <[H1 ) . [Ul Ua] [U*{ U;} . [Hl HQ}
= (Liaee + Koy (Jr @ Ir)) +Kous < g% gi] ® [Uz gq)
~ % ~ e ~ L ++1 2 1 2
X ((H ®U) + (U ®H)) (B.2) o ([U U m o a o
e (ot wi) o [ m))) (6 2):
where ITA = O, and R}" = JyR; and S#¥RGII = O are (B4

used in the second and third equalities, respectively. ) ) o
Proving the convergence in distribution of the second statistic 1 nen, using the following two identities deduced from the defi-

follows the same lines where the terms of nition of the permutation matrices G and Koy, for any M x M
matrices A, B, C, and D
(5 &)s 2elp 2])(6 @)
b2 . 0O GT B* A* D* C* O G
1 vec(Ily p — 1)\ [ vec(Ily 7 —IIy) A®C A®D BeC BoD
= Tlgr;o ?E vec(Ily » — IIy) vec(Ily » — Iy) | A®D* A®C* BoD* B®C*
vec(Ily 7 —113) / \ vec(Il; 5 — II) | B @C B*®D A*®C A*®D
Cn, Cf,n Cim i B*9D* B*®C* A*oD* A*®C*
(5 &)eu(s 8
Cro;m, Cmym, Cmg

Ky O (0] (0]
(0] O Ky O
O Ky O (0]
(0] (0] O Ky
Cg = lim lE |:V€C <gl:T : gi gz’T : gz > the expressions of Cr1,, Cn1,, Cm, 11, Cri; 1, » and Cri; 1, of
r T 2T 2 LT 1 Theorem 3 follow directly from (B.4).

-0, -1
H 1,T 1 2. T 2
Xvec oy * .y *
v <1'I2,T S 1 | G | >]

can be deduced from the expression of =

APPENDIX C
(G O T 1 PROOF OF THEOREM 5
“\o G)roT
" We first prove that algorithms 2 and 3 satisfy the same first-
vec(Ily r —1II) vec(Ily r —1II) order perturbation expansion (5.7). For algorithm 2, we note that
VeC(H;,T - H;) VeC(H;,T - H;) dg f
XE N vec(yy - TI) | | vee(lor — II) %9() = 2T (I, # M (6)I1; 7 M(6))
VGC(HLT — Hl) VeC(Hl,T — Hl) —_9R [TI‘ (H; TM/(9>H2,TM*(0>)]
GT o ’
X < o GT> with M(0) < a(h)a (6) and M(6) = (dM(6)/db). Be-

cause 0y r satisfies (8‘(/27T(0)/80)‘9:9k.T:9k+69k.T = 0, we

Cn, CH,p cCf L, Cnn . ; I )
' 20 ’ straightforwardly obtain the following first-order perturbation

— < G O ) Cr; m, CI){HS Cr; m, C:HQ’Hl expansion thanks to Il 7 = II; + ¢II; 7, Il 7 = II> + 6105 7,
0 G)|Cmm Cun, Cm Criom | M@p) = My + My6r + o(60,.r) and M/ (B,1) =
Ci,m Chm Chm Cm M, + M0, 1 + o(60k.1):
« <%T (5}) ®3 [T (LML M) — R (Tr (M7 TIM;))
+Tr (I, M IT, M) — R (Tr (M IM))] 665 1
= R (Tr (4105 , M,II, M) )

where G is the block permutation matrix defined by N
+ R (TI‘ (HQMk6H2’TMZ))

A\ _ & vec(A) — Tr (610; 7 M 11, M)
VB ) T P \vee(B) ) — Tr (I, M},5T, 7 M) + o(6Ty 1) + o(Tlp. ) (C.1)
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with My, < M(6), M, < M/(6) and M/ &
(d2M(a)/da2)‘a:9k. Furthermore, we note that the sum

of the first two terms of the left-hand side of (C.1) vanishes
thanks to the identity IIa; = 0, which is equivalent to
II,a; + e*M”“Hzaz = 0, and which implies

I, M, I, = IL,MII;. (C2)

Consequently
Tr (l'IlM"kl'Ile) _R (Tr (H;M"kHQMZ))

=R (Tr ((HleH1 - HZMZH;)M,,'“))
=0.

Thus, (C.1) becomes (C.3), shown at the bottom of the page.
For algorithm 3, we note that

QS,T(Z) =Tr (HLTM(Z)HLTM(Z))

—Tr (I ; M(2)Il 7 M(271))  (C4)
with M(z) <" a(z)a” (21). By definition of algorithm 3 (see
4.7), zk,7 = 6) + 80y 1 is solution of

gS,T(Zk,T) =0 with
Zr =TETe T = 25 + 62k 7

= e 4 zp 1. (C.5)

To relate 66y 7 to ¢Il; 7, 6II> 7, and 6H;7T, a second-order
expansion of a(z), I, ¢, and II, 1 is required since the first-
order terms in 660 1 and 67 7 vanish, as noted in [13] for the
standard root-MUSIC algorithm.

! [
a(zr,r) =ag + a 00k, — iaydry v

1
+ 53%(6916,71)2 — iaZéHk,T(Srk,T

1
— 53%(57”]6711)2 + 02(60k,T7 (S’I”k,T)
a(Z;Z,lT) =ay +ay 60, p — iay o1y 7

1
+ 5a’,;*(éf)k,T)Z —ial* 60y, vy T
1
— §alkl*(6’l"k7T)2 + Oz((SHk’T, (STk,T)
O, 7 =M, + 61, 7 + 8 7 + o(6*IL; 1)

H27T :H2 + (5]127'1“ + 62]127'1“ + 0(52H27T)
with a, %' (day/df)) and af ' (d%a)/dh?), where
(6IL; 7)i=z1> and (&%IL; 7);=12 denote the first and
second-order terms of the expansion of (II; r);=12 Wwith
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regard to 6Ry 1, and where 02(60y 1,67 ) is a third-order
term in (60x 1, 671 1). Consequently

M(zk.1) = My + M},60). 7 — iM} 67y

+ %Mg(aekj)? — iMY 80, 76Tk T
- %Mg(‘srk,T)z + 02(80k,7, 07%,7))
M (z,;lT) =M + M} 605 0 — iM} 6rp 1

1 * . *
+ EMZ (56k,T)2 — ZMZ 59k,T67"k,T

1 *
- 5M',; (67%.7)? + 02(80k 1, 671.7)).

Inserting these second-order expansions of II; r, I 7,
M(zg ), and M (z,;lT) in the expression (C.4) of g2 1 (k1)
and using identity (C.2) and identity

akH(SHl?Tak + R (agéHZTaze_wSk) =0

deducgd from iglentity ékH 6fITék = 0 (issued from ﬁék =0
and ¢Ilray, + Iléa, r = 0), one can check that the first-order
terms in 66y, 7 and 67, 1 vanish, and the following expression of
g3.7(zk, 1) of (C.4) is obtained after simple, but tedious, algebra
manipulations:

1
g3, (ze,r) =5 {(Tr(IL MG IL My, )

—R(Tr(IEMILM;))) ((86k,7)% = (87r.17)%)
+ 2 (Tr(6Iy 7 M, I, M)
—R(Tr (605 M II,M; "))
+Tr(IL; M 6T1; 7 M},
—R(Tr(I5M 61 7 M) 865, 1
+ 2 (Tr(I1, M 6%y 7 My,)
—R(Tr(I3M,.6°I, 7 M) }
— 2 {Tr (6 + M, II; My,)
+Tr (I, M}, 61, 7 My,)
—R(Tr (6105 M I, M)
—R(Tr (T3 My, 6TI 7 M)
+ (Te(I, M, IT, M)
—R(Tr(I;M} LML) 660k 7} 6711
+ 02(60k, 7, 0Tk, T)- (C.6)

Since the different matrices M are composed of sums of
rank-one matrices and that matrices II;, 6II; 7 and 62H1,T,
(respectively, II5, 6Il> r, and 62H2,T) are Hermitian (respec-
tively, complex symmetric) structured, one can check that the

08T =

é}l‘. (TI‘ (6H;1TM;€H2MZ + H;M2,6H2TMZ)) — TI' ((SHLTM;‘:Hle —|— HlM;Cé‘Hl,TMk)

+ 0((51117'1") + 0((51127'1").

Tr (LM, M) — R (Tr (I M/ ILM/))

(C3)
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first four lines within the braces in (C.6) are real, while the last
two lines in the second brace are purely imaginary. By setting
the imaginary part of this expansion equal to zero (zx,r is a
root of g3 7(#)), (C.3) is found.

Remark: With different cost functions, we note the similarity
of behavior of our algorithms 1 and 2, with the standard MUSIC
and root-MUSIC algorithms analyzed in [13]: In the two cases,
the asymptotic distributions of the DOA estimates given by the
MUSIC and the associated root-MUSIC algorithm are identical.
Furthermore the second-order terms in 62H17T and 62H2,T are
not used for the derivation of 66y r (they would be used in the
derivation of 67,7, which is not studied in this paper) for the
two root-MUSIC algorithms.

Considering algorithm 1, the estimates 6, 7 and ¢y, 1 are so-
lutions of the global minimization

(Or1, 1) = arg %ﬁf g1,7(0,9)

with g1 7 (6, ¢) = af (9, p)lra(d, ¢) = Tr(llyMy,,), where
\Y P déf a(0,p)a(0, ). Because (0,1, i 1) satisfies
agl,T(e‘, ¢) _
0 [(0,0)=(0k, 7,0k, 7)=(0r+066k 7,61 +6¢k T)
and
agl,T(ea ¢) -0
¢ [(0,0)=(Ok, 7Pk, 7)=(0r+66k 7,01 +6¢k, 1)

we straightforwardly obtain the following first-order perturba-
tion expansion
Tr(IIM )86k, + Tr(IIM} ,)8hs. 7 + Tr(SIrMj) =0
Tr(IIM} )86y, 7 + Tr(TIM] ¢)6¢k,T + Tr(STIr M) =0
(C.7)

def

with M, < et

(OMy,5/09), My = (0My4/09),
My, € (9°My,s/06%), My, € (0°My,,/9004), and
My, = Lef (02My ,/0¢?) associated with the source k. Noting
that Tr(lIM” ) = 2§R( Lkl’[ajyk), 1,7 = 0,¢ which is
denoted by a! (C.7) gives
-1

k k k
o~ a7

X (Oéd,’()#TI“(lSHTM/) - aa ¢Tr(6HTM' )) + 0(5ﬁT)

Z]’

00k, =

where Tr(sI7M}) = (é’i,k ®all +al' ® é’fk) vec(SIIr),
Algy

0,¢. Consequently, the Jacobian matrix Dg
of the mapping that associates Or to IIp is given by

i =

DY® = (dy,...,dg)" with
~1

di = (k) () (k)

9,6%,0 (0‘9 ¢)

X (oz((j)) (a9k®ak —I—ak ®a9k)
. . N H
—aé’j{; (a’d)’k@)ak —I—ak ®a’¢7k)).

Because Il is asymptotically Gaussian distributed with first
covariance Cp, ©Or is also asymptotically Gaussian dis-
tributed thanks to the standard theorem of continuity (see, e.g.,
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, H
[18, p. 122]) with covariance Co = DA®'Cy (Dglg1>
Using, the expression (5.1) of Cp, the expressions (5.4)
and (5.5) of Cg are straightforwardly deduced after simple
but tedious algebra manipulations thanks to the identities
(a ® b)Kapy = (b @ a) for all 2M x 1 vectors a, b,
li[é = 0 and éHJf[* = 07T. In the case of a single source,
U = (1/2la]*)((02 /1) + (1/2lal*) (o5 /1)) (a/V2]al)
(a/Vv2||all) 7 and (5.6) is straightforwardly deduced as well.

APPENDIX D
PROOF OF THEOREM 7

Because 0y, 1 satisfies (8‘957T(9)/89)‘ezek_TzekJF&ek_T =0,
we straightforwardly obtain the following first-order perturba-
tion expansion thanks to Il = IT + §Il7, where we have used
the identity Tr(ABCD) = vecT (AT)(DT @ B)vec(C) [19,
th. 7.17]

vecH (W) (A{ QAF + AT ® AkH) vec(sIlz)

60k, = —
2Tr (WA,

+o(¢6Iy). (D.1)
And because I is asymptotically Gaussian distributed, O is

also asymptotically Gaussian distributed thanks to the standard
theorem of continuity (see e.g., [18, p. 122]) with covariance:

1
(Co)p; = —ﬂvecH(W)MkCﬁMfI vec(W)
’ )
with 8, % 2Ty (WA'HﬁA') and M, & AT @
A’f + A’T ® Ajl. Using the alternative expression

(1/2)LM(IT ® U + U* © MLy, of Cy given by (5.1)
where LM = (I4Mz + Kon (Jar @ Jar)), we obtain thanks
to straightforward algebra manipulations
1 o~ — _ ~
M CM{" = JLs ((A{ U*A;*) ® (A;HHA;)
+ (A'f ﬁ*A*;) ® (AkaJA,)) L.
and because
w11 + W22
Lyvec(W) = ’
w11 + W22

and f = 2(w11 + wg,g)a’fﬁla;, expression (5.10) is proved.
Expressing the matrix

c (ATU*A*) (Af
of (5.10) as a function of ay, II; and II, we obtain after simple
but tedious algebra manipulations

CIAD)+(ATTAY o (AfUA,)

2 0 pB* 0
| B 22 0 pF
C= B8 0 2 p
0 B p* 2
def def

with « =

(anlak) (a’kHl'Ila;C) and 3 =
(affUsaj) (a’ kHHI agc). Consequently, (5.10) becomes

(Co)yy = % A1 + [#[?) + 2R(62)]
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which is minimum for Zzgpt = —(B* /) =
—(af Usai/afl Ujay).
The associated minimum value of (Cg),,  is
. 14 5, 9
min (Ceo)y ), = Tza(a —18I%)

S 2
2
_ (aff Uia;)” — |af Usaj |?
2 (&’ a}) (all U, ay)
and the proof is completed.
We note that replacement of W by an arbitrary consistent
estimate that satisfies Wy = W+ O(Ry — Ry, 7) has no effect

on the asymptotic variance of the weighted MUSIC estimates
because the first order perturbation (D.1) is preserved.

(D.2)

APPENDIX E
PROOF OF COROLLARY 1

_ For the single source case, we obtain from the expressions of
U given at the end of Appendix D

2 2 2
a o, 1+4p] H
U; = n <1 n >a1a1
ofllarfl* (1 - p?) ofllaifl* 1 - pi
2
U= - PLTn

ofllar]|* (1 - p)

2
o 2 ;
x | 1+ —"—) ew’lalalT.
< ofllar]® 1 - pi
Then, using these values in expression (D.2) of min. (Ce), ;.
we obtain after tedious but simple algebra manipulations

. 1 (a{{Ulal)2 — |a{{U2a’1‘ 2
min Cy, = — 7
z a1 (a1 Ulal)
_1 {27“1_1 + llal| 72 + Jlau|® — ||31||2p?]
ar | aallPry+ 14 (1= [lan]lr1) p
where 1 ef (0% / 02) , which is the expression of the noncir-

cular Gaussian Cramer—Rao bound proved in [4].
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