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This paper analyzes the deterministic (DCRB) and the stochastic (SCRB) Cramér-Rao bound on direction-
of-arrival (DOA) estimation for two equi-powered correlated complex circular or rectilinear sources af-
fected by complex circular white noise in different complex elliptically symmetric (CES) data models.
Beginning by decomposing these CRBs, into factors depending on signal and noise parameters, and on
geometric parameters of the array, some new interpretable closed-form expressions are derived in par-
ticular scenarios. These expressions provide useful insight into the behavior of these CRB’s dependence
on the correlation factor. Approximate closed-form expressions of these CRBs for small DOA separation
are also derived. These results lead to new formulas for statistical resolution limit (SRL) based on the
Smith criterion at which an unbiased DOA estimation algorithm can resolve two closely-spaced circular
or rectilinear sources. These SCRB-derived formulas are much less optimistic than those which have so
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far been deduced only from the DCRB under the assumption of known sources.
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1. Introduction

The ability to resolve two closely-spaced narrowband far-field
sources in terms of parameters of interest is an important perfor-
mance measure of sensor arrays in localizing remote targets. The
SRL is an important tool used to quantify estimator performance,
which can be defined according to various criteria. There are in the
literature four main different approaches to characterize SRL (see
e.g. [1, Sec. VI]) The first one is based on the mean null spectrum
relating to a specific high-resolution algorithm. (see e.g. [2-5]).
The second approach rests on hypothesis test using the general-
ized likelihood ratio test [6,7], on Rao’s test [8] or on Bayesian
approach [9]. The third approach is based on the information
theory and, more precisely, either on Stein’s lemma which relates
the false alarm probability resulting from the Neyman-Pearson
decision criterion to the relative entropy between two hypothesis
[10], on Chernoff upper bound [11], or on the mutual information
between DOA, scattering properties and the received signal [12].
The last approach capitalizes on the CRB where two criteria were
proposed. One is the Lee criterion [13] for which the SRL is defined
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by the DOA separation that is equal to half of the maximum value
of the two square roots of the CRB of the DOA’s. This criterion was
derived form the DCRB in [13] and then extended from the SCRB
in [14]. The other criterion was proposed in the seminal paper by
Smith [15] where the SRL is defined by the DOA separation which
is equal to the square root of the CRB of the DOA separation.
This criterion has the advantage over Lee’s criterion of taking into
account the coupling between the interest parameters, and an-
other advantage is that it is closely related to the detection theory
approach, as shown in [7], and furthermore, it can be generalized
to multiple parameters [16]. Based on the SCRB, this criterion pro-
vides the best-case resolution bound for any unbiased algorithm.
The SRL based on the Smith criterion was used in numerous re-
search papers (see e.g., [16-25]). We note, however, that all these
works (except [17] dedicated to discrete sources and [21] focused
on a unifying methodology without given closed-form expressions
of the SRL) are based on the DCRB associated with the conditional
signal source model. Furthermore, the role of the correlation of the
signal sources has not been precisely determined in these contri-
butions, except in [20] which assumes that the signal sources are
known. This DCRB has the advantage of being easily derived and
making it possible to obtain explicit simple closed-form expres-
sions of the SRL and thus allows to reveal enlightening proper-
ties pertinent related to SRL behavior. However, it is well known
that the DCRB is not always a tight lower bound on the variance
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of an unbiased estimator and cannot be attained by the maximum
likelihood (ML) estimate. In particular, it was shown in [26] that
the difference between the SCRB and the DCRB is very significant
for closely spaced sources when the number of sensors is small.
Therefore this DCRB would tend to give optimistic values of the
SRL and thus makes necessary the derivation and the analysis of
the SRL based on the SCRB. Moreover, all these studies were car-
ried out within the framework of Gaussian distributions. To take
into account the effect of impulsive noise encountered in radar
clutter [27,28], made-man noise and interference in indoor and
outdoor mobile communications channels [29,30], the CES distri-
bution has been preferred over the Gaussian distribution in many
DOA finding and beamforming processing (see e.g., [31-33]) for
modeling noise alone or observations.

This paper gives simplified closed-form expressions of the DCRB
and SCRB on DOA estimation for two closely-spaced equi-powered
narrowband far-field uncorrelated or correlated (including coher-
ent) circular or rectilinear sources affected by complex circular
white noise within the framework of CES distributions.

The main aim of this paper is twofold. First, it derives a new
simplified expression of the SCRB on DOA estimation for two equi-
powered correlated complex circular or rectilinear sources affected
by complex circular white noise in different CES data models. Such
an expression had hitherto been considered uninteresting because
it was too complex to analyze. But thanks to our choice of the
reference of the phase at the centroid of centro-symmetric ar-
rays, we were able to obtain interpretable closed-form expressions.
Rectilinear sources (also called maximally improper or strict-sense
noncircular) are frequent in radiocommunications. For example,
binary-phase-shift-keying and offset-quadrature-phase-shift-keying
after post-rotation are rectilinear. These expressions of SCRB are
analyzed and compared to the DCRB w.r.t. array geometric fac-
tors, heavy-tailed non-Gaussian noise and observations, and signal
sources’ correlation coefficients. In particular, they point out the
strong effect of the correlation phase, until now only observed by
numerical calculations in [34]. Secondly, our paper derives closed-
form expressions of the SRL based on the DCRB and SCRB w.r.t.
relevant parameters for these different models. This allows us to
compare the SRLs between the various models and CRBs.

The paper is organized as follows. Section 2 describes the de-
terministic and stochastic data model where the sources are ei-
ther arbitrary, circular or rectilinear within the framework of CES
distributions. Section 3 gives a review of the DCRB and SCRB as
well as the semiparametric DCRB and SCRB (denoted respectively
as SDCRB and SSCRB). Section 4 focuses on the case of two equi-
powered sources, where some new interpretable exact closed-form
expressions are derived in particular scenarios with particular at-
tention given to the impact of the correlation phase and correla-
tion magnitude on DCRB and SCRB. This section also derives ap-
proximate closed-form expressions of DCRB and SCRB for small
DOA separations. Section 5 gives interpretable closed-form expres-
sions of SRLs deduced from the DCRB and SCRB for known, ar-
bitrary, circular and rectilinear sources. Then, comments to ex-
plain how different parameters impact the SRL and how the SRL
derived from the SCRB are less optimistic than those that have
so far been deduced only from the DCRB, are discussed. Nu-
merical illustrations of the different SRLs are given in Section 6,
with particular attention paid to the phase and magnitude of
the correlation of the sources. Finally, the paper is concluded
in Section 7.

The notations used throughout this paper are the following.
Vectors and matrices are denoted by bold-faced lowercase and up-
percase letters, respectively. * and " represent the conjugate and
the conjugate transpose operators, respectively. Re(.) and Im(.) de-
note the real and imaginary part, respectively, whereas ® repre-
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sents the element by element matrix product. J is the unit antidi-
agonal matrix and =; means has the same distribution as.

2. Data model

Consider two narrowband far-field uncorrelated or correlated
(including coherent) signals impinging on an arbitrary array of N
sensors. The baseband received signal at the time instant t is mod-
eled as

t=1,...,T, (1)

where (yt)tT=1 are independent. A = [a;, a;] is the steering matrix
where each vector a, = a(6,) is parameterized by the real scalar
parameter 6, with ||ai||> = N. It is assumed for any 6; # 6,, A has

Vr = AX; + g,

a full column rank. x; def (%.1, %:2)T and n; are zero mean mu-
tually uncorrelated and respectively model signals transmitted by
sources and additive measurement noise which is assumed circular
and spatially uncorrelated with E(n;nl") = 621. Two different types
of data models are currently used for the distribution of (x;, n;)
where n; is circular Gaussian distributed [26]. We consider here
extensions of these models within the framework of CES distribu-
tions.

2.1. Deterministic CES data model

In the conditional or deterministic model, the signal sources se-
quence (X¢);—;, 7 are conditioned from an independent zero-mean

process (as it was explained in [26]), either of arbitrary circularity

with Ry 1 def % Zle x:xH such that limr_, ., Ryt = Rx o, Or rectlin-

ear, i.e. satisfying the condition

X = Tex€%, k=1,2 where r,  are real-valued with

AP E ¢y —py €0, 7], 2)

with Rr 15T ral  where 1 % (rq,12)7 such that

limr_, o Rr1 =Rr. The phases ¢, associated with different
propagation delays are assumed fixed, but unknown during the
array observation. In this model (X;);—, .1 or (r¢)i=1,..
(¢1,¢,) are unknown deterministic parameters. Noise n; is
assumed in this model circular CES (C-CES) distributed.

2.2. Stochastic Gaussian data model

In the unconditional or stochastic model, both x; and n; are
usually assumed Gaussian distributed and independent of each
other. x; is here either circular or strictly non-circular (also called
rectilinear). In the circular case, the distribution of y; is character-
ized by the covariance given by

def

R, = E(y:y") = ARA" + 071, (3)

where

2
def o Oy, O .
R, S E(xxf) =" '02’“ % | with
14 leaxz ze

p=lple? eCand |p| <1. (4)

In the rectilinear case, the sources x;;, k=1,2, satisfy the con-

straint (2). In this case, the distribution of y; is characterized by

the covariance of the extended observation ¥ % [v7,yH]" given by

def

R; £ EFy) = AR A" + o1, (5)

where A %' [3;,3,] with 3, &' [alei%t, alle=®]T and R, CI=EfE(1'trtT)
given by

2 ’
oy 0/ 0x, Ox, . r o
R = (,0/17)(,0)(2 o2 ) with p’ e[-1, +1]. (6)
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Thus, Ry in (4) is written in the following form:
p/eiA¢o'X1 Ox, (7)
X2

Consequently, for rectilinear sources, the phase separation A¢ as-
sociated with the sign of p’ corresponds to the phase ¢ of the cor-
relation of the sources if p’ # 0.

2.3. Stochastic CES data model

To take into account the effect of heavy tailed impulse noise,
the CES distribution has been preferred over the Gaussian distri-
bution to model the observations y; in many DOA finding and
beamforming processing (see e.g., [31-33]). In this case the dis-
tributions of x; and n; are not specified, but only their second-
order statistics are imposed. More specifically, in the case of circu-
lar to the second-order [resp., rectilinear] sources X, the associated
(Vt)¢—1.7 are assumed independent zero-mean C-CES [resp., non-
circular CES (NC-CES)] identically distributed. The p.d.f. of y; is
p(¥:) = cnglRy|T'g(VIR,'Ye). [resp., cN,gIRyl”/zg(%iri’Ryf‘S't)],

(8)

where Ry and Ry are the structured covariance in (3) and ex-
tended covariance in (5), respectively. The density generator g(.):

R* > R satisfies &y ¢ def JoC tN=1g(¢)dt < oo to ensure the integra-
def

bility of p(y¢) and cyg is a normalizing constant given by cyg =

2(snOng)~! where sy def >N /T(N) is the surface area of the unit
complex N-sphere. We note that the so-called scale ambiguity
usually present in the p.d.f. of y; with the scatter and pseudo-
scatter matrices, is here removed thanks to the constraint on g:
On+1,¢/0ng =N [33] which ensures that the scatter matrices are
equal to the covariance matrices.

The r.v. y; admits the following stochastic representation [35]:

ve =1 v QR %uy, circular source case 9)
Ve =4 /L OR}q,, rectilinear source case (10)

where i, & (u],u)T. O; and u; are independent, u; is uniformly
distributed on the unit complex N-sphere and Q; has the p.d.f.

p(Qr) = 85390 '8(Q), (11)

with E(Q;) = N. Note that this CES distribution model includes the
standard Gaussian model, for which g(x) =e™, ¢y, = 7N and ¢
is 1/2 X22N distributed in the circular and rectilinear source cases.

3. Review of deterministic and stochastic Cramér-Rao bounds
derivation

We consider here the general framework of K deterministic or
circular stochastic [resp., rectilinear] sources, where the range of
the steering matrix A [resp., IN\] characterizes the DOA.! To derive
the DCRB and SCRB for DOA estimation, we have to carefully spec-
ify all the unknown parameters associated with the distribution of
Ve

In the deterministic model where the density generator g(.)
of the C-CES distributed noise is known, y; in (1) is param-

eterized by the parameter « = (0y,...,0, p',02)T where p %
((ReT(xr),ImT(xt))t=1 )T (with K < N) in arbitrary circularity

1 This excludes the SCRB derived under the prior knowledge of uncorrelated
sources applied to sparse linear arrays with K > N [36].
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case and p &' (... ¢k (re1....Tex)eer )T (with K < 2N) in

rectilinear case. For both stochastic Gaussian and stochastic CES
data model where the density generator g(.) is known, y; in (1) is

parameterized by the parameter & = (6,...,6k, p7,02)T where
def

P = ([Relii. Re([Ry]; j). Im([Ry]; )T, 1 <i<j<K (with K <N) in
circular case and p def (¢1,-.., bk, [Rr],-,j)T, 1<i<j<K(withK <
2N) in rectilinear case. Under these parametrizations, the com-
ponents of the Fisher Information matrix (FIM) associated with
DOA parameters and nuisance parameters can be computed. Sim-
ple general closed-form expressions of these components called
Slepian-Bangs formula were given for the real Gaussian distribu-
tion in [37] and [38], then extended to the circular and noncircular
complex Gaussian distribution in [39] and [40], respectively. This
formula has been extended to the C-CES distribution in [41] and
[42], and then in [43] to the NC-CES distribution. In contrast, if
the density generator g(.) of the C-CES distribution of the noise in
the deterministic model or of the C-CES ot NC-CES distribution of
the data y; in the stochastic model, is unknown, an additional infi-
nite dimensional nuisance parameter must be considered. To han-
dle this parameterization, a semiparametric FIM associated with
the finite dimensional parameter was derived in [44].

In the deterministic model with circular Gaussian noise, with
no prior knowledge is introduced on the sources, the DCRB for
DOA was first derived in [45] by picking the DOA-block of the in-
verse of the FIM. Then for rectilinear sources, a closed-form ex-
pression of this DCRB was given in [46] and [47] and then in
[48] under more general rectilinear models. Noting that the pa-
rameter o2 is decoupled from the other parameters in the FIM of
the C-CES distributions where the density generator g(.) is known,
and that the expectation terms of this FIM is proportional to those
of the Gaussian noise case, the DCRB for DOA is directly derived.
Furthermore, when the density generator g(.) is unknown, o/ is
also decoupled from the other parameters in the semiparametric
FIM from [49, rel. (46)] and the expectation term of this semipara-
metric FIM is proportional to the expectation term of the FIM asso-
ciated with circular Gaussian distributed data with the coefficient
of proportionality & = W where ¢ (x) def _ 1 d2® com-

g(x) dx
paring these DCRB and SDCRB, we get the following theorem:

Theorem 1. The DCRB and SDCRB for DOA estimation in the general
scenario of K sources are given by the following expressions:

loi
T 2&;

1

DCRB(@) = SDCRB(0) = {Re((DfTzDy)0RE )} . (12)

DCRBgec (8) = SDCRBgec (8)
_ 1o
T

~ _ L N -1
x ((DHII;Dy) ©R, 1) 1((Dgl'lgng)@Rr,T)} (13)

{((53 I;Dy) ©R, 1)—~((Dj ;D,) OR: 1)

for sources of arbitrary circularity and rectilinear sources, respectively,
where D@ dzef[d],...,d[(]y 69 dzef[a], ...,El,<], f)¢ d:ef[fl(pl,...,fld,K]
. def da, 5 def 93, 75 def 9a
with d, < ﬁ, d, ¢ ﬁ, d¢k < 8%’;, Hi [reip. Hi] denote the or-
thogonal projector on the columns of A [resp. A]. Note that if the sig-
nal sources X, or 1y, are known, the DCRB are more simply derived
from the associated FIM. They are also given by (12) and (13) where

My and Hﬁ is replaced by the identity matrix.

In the stochastic circular Gaussian model, the SCRB for DOA was
first derived, indirectly, as the asymptotic covariance matrix of the
maximum likelihood estimator [26], then directly by picking the
DOA block of the inverse of the FIM [50]. Following this approach,
the SCRB for DOA was derived in the stochastic rectilinear Gaussian
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model [51] and then extended to the stochastic C-CES data model
where the density generator g(.) is known in [43] to C-CES and
NC-CES distributions. Similarly, using the semiparametric FIM [44],
the SSCRB on the DOA only was given in [49, rel. (62)] for C-CES
distributions and extended to NC-CES distributions in [35]. Com-
paring these SCRB given in [43] and SSCRB, we get the following
theorem:

Theorem 2. The SCRB and SSCRB for DOA estimation in the general
scenario of correlated or uncorrelated (including coherent) K sources
are given for both conventional Gaussian and robust distribution mod-
els by the following common expressions:

2
1 oy

SCRB;; (8) = SSCRBc;, (0) = TZ—EZ{Re((Dg’ M;Dy )@HT)}—{ (14)

SCRBgec(0) = SSCRBgec (8)

20 e~
%Z—;H((Dgl'[f\Dg)@H)—((Dgl'[;l\Dd))@H)
~ ~ ~ - - ~ 1

x ((DI;H;{D,P)@H) 1((DZH§D9)®H)} (15)

for circular and rectilinear sources, respectively, where Dy, f)g, f)¢,
Ny and M are defined in Theorem 1, Hd:erRxA”R}leRx, H &

AHR-1A £ E[¢2(Q;) Q2
R-A"R;'AR;, and where &, def %

We note that in the standard Gaussian model, ¢(x) =1 gives

& = E(XTZZN) =1land & = i[,\(,)((]%’i):)] =1 and thus the DCRB and SD-
CRB given for arbitrary C-CES distributions of the noise, and the
SCRB and SSCRB given for arbitrary C-CES or NC-CES distributions
of the observation are scaled expressions of the associated CRB
given in the conventional Gaussian model. Furthermore, we no-
tice that &; > 1, while & < 1 (sub-Gaussian case) or &, > 1 (super-
Gaussian case) [43].

Note also that from this theorem, the DCRB and SCRB derived
under the full knowledge of g, and the SDCRB and SSCRB that as-
sume g as infinite-dimensional nuisance parameter are equal. But
we cannot conclude that knowing or not knowing g can lead to
the same DOA performance. When g is known, the ML estimate of
the DOA is asymptotically (w.r.t. the number of snapshots T) effi-
cient, and therefore, its covariance reaches the CRB for the stochas-
tic model. But when g is unknown, some estimates have been pro-
posed in [32] by exploiting the MUSIC algorithm together with the
Tyler’s or Hubert’'s M estimate of the covariance with better per-
formance than for the conventional MUSIC algorithm. But none of
these estimators is efficient w.r.t. the SSCRB. Finding such an esti-
mator appears to be an open problem to the best of our knowl-
edge.

4. DCRB and SCRB for two equi-powered sources

This subsection derives exact closed-form expressions of the
DCRB and SCRB given for two equi-powered sources deduced from
(12), (13), (14) and (15) in particular scenarios and analyzes the
significant role played by the magnitude and the phase of the cor-
relation. It gives also approximate closed-form expressions of this
SCRB for small DOA separation. Unfortunately, without special con-
ditions on arrays, the expressions of these different CRB’s are too
complicated (see (71)-(80) in Appendix A) to provide useful in-
sights into the behavior of the CRB’s dependence on the different
parameters. To simplify these expressions, we impose the assump-
tion that the steering vectors a; and a, are defined up to a mul-
tiplicative phase depending on the DOAs and the origin of the co-
ordinate system. Consequently, without loss of generality, we can

suppose that g def aq’az is real-valued. But as this condition is not
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yet sufficient to obtain simple expressions, it is reinforced by sup-
posing that the array is centro-symmetric, i.e., satisfying a; =Ja,?
This latter condition ensures not only that 8 is real-valued, but
that it is also the case for the geometric terms o 3, nf( and 7/
defined below, which allows us to obtain simplified expressions of
SCRBs.
We obtain from (12) the following closed-form expressions:

11 o3
2T 1 (aray — a4 |pl? cos? @)

DCRB(6}., 6;) = k=1,2 (16)

11 o12|p|cos @
2TE1 1 (aq0y —oe12Y2|p|2c052¢)’

DCRB(6, 6,) = (17)

where o & dliT;d, and o, def diMxd,, r ©f52/62 with o2 &

FEl el = F Xl xeal? and p € L1 5L xax . We see
from (16) that the DCRB of the DOA is an increasing function of
the real part of the correlation. This DCRB reaches its minimum
for uncorrelated sources or for ¢ = 7 /2 mod 7 for which
1 11

2Té 1 oy’
This expression is similar to that of a single source k where «;
is replaced by df H;kd,( = ||d,|I? (for centro-symmetric arrays). It
also follows that the minimum bound (18) remains greater than
that for a single source. We see from (17) that the DOA are de-
coupled in the DCRB if and only if the real part of the correlation
is zero. It is also clear that the DCRB is inversely proportional
to SNR. We note that (16) and (17) are not given in [13] which
focused on approximate DCRB expressions for closely-spaced
sources impinging on a ULA array. We also point out that (16) and
(17) are also valid in the context of known signal sources where
I is replaced by the identity matrix in the definition of ¢, and
a1,. These expressions have also been derived in [20] for the
linear array in a more complicated form due to the choice of the
first sensor as the origin of the phases.

DCRB(6, 6,) = k=1,2. (18)

4.1. Exact closed-form expressions of the DCRB and SCRB in
particular scenarios

In contrast to (12), the application of (13), (14) and
(15) for two equi-powered sources gives intricate expressions
of SCRBi;(6y.60¢) and SCRBg (01.6,) [resp., DCRBgec(6y. 6)),
DCRBREC (0] s 92), SCRBRec (Qk, 9’()' SCRBRec (91 s 02)], k= 1, 2 in which
geometric terms through (8, oy and o ) and signal terms through
(r and p), [resp., geometric and phase terms (B:é’fﬁz, &) =
El’,jl'[li\-ak and @5 = fl’l"l'[}\-az) and signal terms (r, p’)] are mixed
(see Appendix A). However, in the particular scenarios of orthog-
onal steering vectors, uncorrelated sources or coherent sources,
closed-form interpretable expressions are available.

From (13), only the following scenarios make it possible to ob-
tain such expressions:

e Case p’ =0 (uncorrelated sources)
In this case, the two DOAs are decoupled in the DCRB with ex-
pressions given by

1 1
DCRBRec (ka ek) = F

N2 ’
Nk — Nz?’;gz COSZ(A¢)
DCRBgec (61, 62) = 0, (20)

where 7, = dfld, and 7}, =dlfa;_\, k=1,2.

1
ITE, k=1,2,(19)

2 For example, uniform linear arrays, uniform circular arrays with an even num-
ber of sensors, regular hexagonal shaped arrays, cross-based centro-symmetric ar-
rays, square-based centro-symmetric array, for which the array centroid is chosen
as the reference of the phases are centro-symmetric arrays [52].
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e Case p’ = +1 (coherent sources):
1 1 B? — N2

DCRBRec(eka 91() = - — k=1,2, 1)
2T&E 1 1 (g2 _ N2 2 (Bnin,—(B2-N*)n3y)? cos? Ag
(B2 = N+ Ny (B2-N2)n3 4 +Nn2,
11 (B% = N®)(Bnyn, — (B? —N?)ny) cos A
DCRBgec (6, 03) = p Bnin, — (B ny ¢

2T& T (B~ N2ymy + N ) (B2 — N2y + Nii) — (B, — (B2 — N2)ij3)? cos? A’

where 7} = dfd,.
e Case B = 0 (orthogonal steering vectors):

1 1 1
DCRBRec (eks Gk) = 2T‘§l F p’zn;f sin? A¢ ']1;2 Np,zr/gz 2A
Mm——x~ — —\~N~ N3 =02, (p"*+(1—p'?) cos? Ag) cos* A
Np’'nY cos A
DCRBRec (01, 92) = — P 2 ¢ DCRBReC (Qk’ Qk) (24)

Nmz —n2(p'* + (1 — p’®) cos? A¢p)

Note that (19), (21) and (23) are functions of A¢, symmetric
w.r.t. /2 and decreasing from its maximum for A¢ = 0 mod
7 to its minimum for A¢ = /2.

From (71) and (72) derived from (14), interpretable closed-form expressions of SCRB¢;; (6, 6;) and SCRB;; (61, 6,) are only possible in
the following scenarios:

e Case p=0:

_ 1 o (N4 (N2 = B2))((14 Nr)2 — 2 82)
T 2TE (o (N+1(N? - B2))2) — a2 , B2

SCRBCir(Gk, 9,{) s k= 1,2, (25)

1 a12B((1+Nr)*> —r*p?)

SCRBgj (61, 62) = “3TE Py (N + F(NE — B2))% — TP

(26)

We note that (25) is an increasing function of B2, which is minimum [resp., maximum] for 8 = 0 (orthogonal steering vectors) [resp.,
B = N (collinear steering vectors)].
e Case |p| =1:
1 o3 (14 2r(N + B cos(¢))) _
4T& r2(N + B cos(@)) (a1ap — @, cos(¢)?)’

SCRB;; (6k. 6) = 1,2, (27)

1 pcos(@)(1+2r(N+ B cos()) (28)
4TE; P2(N + B cos(§)) (1 — 0, cos($)2))’

We note that for not too far DOA (such that 8 > 0), SCRB;; (6, 6) is maximum in ¢ for ¢ = 7. But its minimum is approached for
¢ =m/2 mod 7 only for high SNR r.

SCRB; (61, 62) =

e Case B =0:
1 a3 ¢ (1+|p]* +Nr(1 —|p|*))(A +Nr2+Nr(1 - |p|*)))
SCRBi; Bk, 6) = k=1,2, 29
cir (0. O 2T&; Nr2(aiaa (1 + |p|2 + Nr(1 = |p]2))? — a2,|p[>(=2 + Nr(| p|> — 1))? cos? ¢) ¢ (29)
2 _ 2 _
SCRBc;,(6;. 02) = — 1 a12]p|cos(¢)(2+Nr(|p|2 —1))(1+Nr(2+Nr(|p|? —1))) (30)

2T&; Nr2 (a1 (1 + |p|2 + Nr(1 = [p]2))? — a2, [p]2(=2 + Nr(|p|?> — 1))? cos? ¢)

It is clearly that SCRBc;. (6, 6;) are functions of ¢, symmetric w.r.t. 7/2 and decreasing from its maximum for ¢ =0 mod 7 to its
minimum for ¢ = /2, but it is not easy to assess the dependence in |p|, although we observe that SCRB;, (6, 6)) are numerically
increasing with |p| for the ULA and UCA.

It is easy to deduce from these particular expressions the following interpretable closed-form expressions in more specific cases:

e Case p=0and B =0:

1 11 1
SCRBci (Ok. Ok) = ﬁa?(l + m), k=12, (31)
K

SCRBc;; (64, 6,) = 0. (32)

So the DOAs are decoupled in the SCRB and this SCRB is similar to those a single source k, which has also the expression (31) where
oy, is replaced by dfl‘[;kdk. So the SCRB for two sources is larger than for a single source and these SCRB are equal i.i.f. di’a3,k =0.

5
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e Case [p|=1and B =0:

_ 1 O3 g 1 1 _
SCRBc; (6. 6) = 575 (amzf(x]zzcosz(f))F(l +N),k_ 1.2, (33)

SCRBc;; (64, 6,) = (34)

1 a5 Cos? ¢ l( 1 )
2Nr )"

— —(1 + —
2T&, (oot — 2, cos2¢p) 1
So the DOAs are coupled in the SCRB and this SCRB is generally larger than for correlated sources, except for very low SNR r.

Unlike the circular case, interpretable closed-form expressions of SCRBgec (6, 8)) and SCRBge. (61, 6,) can be only found in more specific
scenarios for which (15) gives:

e Case p’=0and 8 =0:

1 1 1 1
SCRBgec (6, 0y) = , - (1 7) k=12, (35)
27§, T — anz cos? Ag " 2Nr

SCRBRec (61, 6) = 0. (36)
The DOAs are therefore decoupled in the SCRB and the SCRB of 6, is similar to those of a single source k derived in [51, (19)], which

/2
also has the expression (35) by replacing n;, — % cos?(A¢) by n, (because d’gl’[;kdk = 7)) using d’ljak = 0 for centro-symmetric arrays).

Thus, the SCRB for two sources is larger than for a single source and these SCRB are equal iif ’71; =0or A¢ = 7.
e Case p/ =41 and B =0:

1 1 1 1
SCRBcec 6000 = 377, —— g H(1 g Je=12 (37)
Me— N 15 —N13_1
1 N1, cos(A¢) 1 1
SR (1.62) = 31, (o~ Ne) - o 5 (1 awe) e8)

The DOAs are therefore coupled in the SCRB and this SCRB is greater than for uncorrelated sources (see (35)).

It is clear that SCRBgec (6, 6)) in (35) and (37) are functions of A¢, symmetric w.r.t. 7/2 and decreasing from its maximum for A¢ =0
mod 7 to its minimum for A¢ = /2.

Finally, note that some properties of SCRB and DCRB proved for particular values of the parameters 8, |p|, p’, cos¢ and cos A¢ are
also confirmed for arbitrary values of these parameters. For example, extensive numerical experiments with ULA and UCA confirm that
for rectilinear signal sources, the different DCRB are functions of A¢, symmetric w.r.t. 7/2 and decreasing from its maximum for A¢ =0
mod 7 to its minimum for A¢ = /2.

4.2. Approximate closed-form expressions of the DCRB and SCRB for small DOA separation

We examine here the DCRB (12) and (13) when the signal sources are known or unknown and the SCRB (14) and (15) when the
DOA separation §0 def 61 — 6, is small, by expressing the DOA-separation-dependent-coefficients in terms of Taylor series about 66 =0
and identifying the dominant term of the different CRB as 86 — 0. For simplicity?, we restrict our analysis to the ULA with the following
steering vectors

a, = (e—i(N—l)é)k/Z7 e—i(N—B)Gk/Z’ o, ei(N—3)9,(/27 ei(N—])Ok/Z)’ (39)

where 6, = 7 sinoy, with o, are the DOAs relative to the normal of array broadside and where the coordinate system has its origin at
the centroid of the array. With the aid of symbolic algebra and calculus tools, the following asymptotic expressions of the DCRB are
respectively obtained*:

11 6

Kn -
DCRB™ (6. ) = TE T N(N2—1)(1 — |p|2cos2 )

+0((80)), (40)

11 6|p| cos(¢)

Kn = —— —
DCRB™ (61, 62) = TE r N(N2—1)(1 — |p|2cosZ¢)

+0((86)?), (41)

Kn 11 6 2
DCRBRec(ekvek) - Té] r N(N2 — 1)(1 _p/2 COSZ A¢) +O((89) )7 (42)
/
DCRBX™. (6, 6,) = — 1] 6p’ cos(AP) +0((80)2), (43)

"TE TN(N2—1)(1- p2cosZ Ag)

3 For example, the analysis for the UCA is much more complicated because the different CRB are not functions only of the DOA separation, but also on the mid DOA. In
other words, the UCA which is isotropic for a single source is no longer isotropic for two sources.
4 The exponents Kn and Unk denote respectively known and unknown
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when the signal sources are known,

11 360
T& r N(N2 —4)(N2 = 1)(1 — [p[? cos?(¢)) (66)2

DCRBY™(6,, 6,) = +0(1), (44)

11 360| p| cos(¢)

Unk _
DERBT(61.02) = 15, 7 NV — (N2 —1) (1 — [p]? co5()) (3072

+0(1), (45)

11 6

DCRBYX(0y, 0y) = =— — +0((80)2), for Ap #0 46
Rec (Ok- Ok) & TNV 1) = o) s’ Ag ((60)) ¢ # (46)
nk 11 60’ cos(A¢)

DCRBYX(0;,605) = =—— = +0((80)2), for Ap #0 47
Rec (01, 62) TE TNV 1) = p7) s’ A ((80)) ¢ # (47)

DCRBY™ (6., 6) = 11 360 +0(1), for A¢p =0 (48)

T& r N(N2 - 1)(N2 —4)(1 - p'2)(36)2

R 3600
T& r N(N2 —4)(N2 - 1)(1 - p'2)(36)?
when the source signals are unknown.

Using the same tools, the following asymptotic SCRB for circular sources are obtained:
1 90(1+2Nr(1+|p|cosd))(1+|p|? +2|p|cos(p)) 1

RBq = = 1
SRBer O 00 = T,  plane(ve — 1) (N2 4) (1 + |l cos(@)2sin’ g 82+ 01 0

DCRBY™(6;, 6,) = +0(1), for A¢p =0 (49)

1 90(1+2Nr(1+|p|cosg))(1—|p|?>+2|p|lcose(1 +|p|cosp)) 1

SCRB¢; (01, 62) = — +0(1), 51
ar(@.02) = 7, 12| p|2N2(N? — 1) (N2 — 4)(1 + | p| cos ¢)? sin(¢) @eyz oW 1)
for ¢ # 0 mod 7 and
by b,

SCRBc;r (k. O1) + 5 +0(1) (52)

~ (80)* T (3)?

by b3
©6)5 T 30)2

for ¢ =0 mod 7. As for the SCRB for rectilinear sources, we get:

1 3((0' + cos(A¢))? + 2Nr(p’* — 1) sin®(A¢))

SCRBCir(Q], 92) = +O(]) (53)

— 2
SCRBRGC(GI(: 0]{) - ng rZNZ(NZ _ 1)(p/2 _ 1)2 Sin4(A¢) + O(((SQ) )s (54)
1 3cos A((1+ p'*)cos Ag +2p'(1 — Nr(p”> — 1)sin® Ag)) 5
SCRBrec (01, 62) = 72 r2N2(N2 - 1)(p"* - 1)2sin* A +0((30)). (55)
for A¢ #0 and
SCRBrec (6. 6) = (3091)4 + (3%)2 +0(1) (56)
aq as
SCRBREC(91,92) = (89)4 + (89)2 +O(1) (57)

for A¢ =0.
Although the dominant terms in (52)-(57) are b;/(80)* and a;/(86)4, the terms by/(80)% and a,/(80)2, k = 2,3, are needed to derive
the SRL in Section 5 because the dominant terms are eliminated in (61). In fact, only the following differences are useful.

1 180(1 +2Nr(1 +|p]))
T& r2N2((N2 — 1) (N2 — 4))(1 + [ p])2(36)?

SCRBi; (6. Ox) — SCRBc;; (61, 62) = +0(1) (58)

1 90(1 +4Nr(1+p’))
T& r2N2((N2 — 1)(N2 - 4))(1 + p')2(866)?

We see that the DCRB for known arbitrary (40), (41) or rectilinear (42), (43) sources tend to non-zero finite values when the DOA separa-
tion tends to zero. This is also the case for the DCRB for unknown rectilinear sources (46), (47) and the SCRB for rectilinear sources (54),
(55) when A¢ # 0. This property of the SCRB for rectilinear sources has been observed numerically in [40] and was later confirmed by
the behavior of the non-circular MUSIC algorithm in [53].

SCRBRec (Ok. ) — SCRBgec (61, 62) = +0(). (59)
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5. CRB-Based Statistical resolution limits
5.1. Derivation of different SRL

In [15], the SRL proposed by Smith was defined as the source
separation that equals its own CRB, providing an algorithm-
independent resolution bound and was illustrated by the DCRB in
the context of two damped exponentials of identical unknown am-
plitudes. In the context of DOA estimation, the SRL is the DOA sep-
aration 86 = 6, — 6, solution of the implicit equation:

86 = \/CRB(86), (60)

where CRB(60) denotes the CRB on the DOA separation ¢; — 6,.
Because Var(91 92) _Var(91)+Var(92) 2Cov(91 92) CRB(56)
can be deduced form the matrix CRB(#) by:

CRB(860) = CRB(6;, 6;) + CRB(6,, 6,) — 2CRB(6;, 62), (61)

for which CRB(6,, 6,) = CRB(6,, 8,) for two equal-powered source
signals impinging on a ULA, and where the CRB is either the DCRB
or the SCRB. Although definition (60) essentially makes sense be-
cause the CRB indicates the DOA estimation accuracy, it is not sup-
ported by rigorous statistical arguments. Some authors have intro-
duced a scalar factor A between 66 and ,/CRB(66) (e.g., A =0.25
in [54], A =4 in [55]). But using a generalized likelihood ratio test
approach, [7] gave a statistical basis to (60) by defining the SRL
instead by the solution of the following implicit equation:

80 = A/CRB(86), (62)

where A is analytically determined by the preassigned constraints
on the probability of false alarm and detection. As A is of the order
of unity for the usual values of these probabilities, we will retain
here definition (60).

We derive here explicit closed-form expressions for SRLs by
solving (60), whose solutions are only possible in the form of

approximate solutions for two closely-spaced sources resulting

from the different asymptotic expressions (40)-(59). Using AfO def

N80 /2+/3°, these approximate solutions are given from the derived
DCRB for known (40) and (41) and unknown (44) and (45) arbi-
trary sources, respectively, by

(AQ)KH ~ < 1 N

1/2
T TN = 1)(1 - |p|cos¢>> ’ (63)
1 5N3

1/4
& F(V = (N2 —4)(1 + |p|cos¢)) - (&Y

and for known (42) and (43) and unknown (46)-(49) rectilinear
sources, respectively, by:

172
(AQ)KH ~ L N
D.Rec TE r(N2—1)(1 — p’ cos Ag) ’

(AQ)Unk ~ (

(65)

1/2
wk [ 1 NQA-p'cosA¢)
(A@)D,Rec ~ (T%-] r(N2 _ 1)(1 _ p/z) Sin2 A¢) , for A¢ #* 0
(66)
Unk 1 5N " —
(AQ)D.Rec ~ <T§] r(NZ—l)(N2—4)(] +,0/)> ) f0r A¢_0
(67)

5 This normalization has been introduced in [4] and then taken up by Lee and
Wengrovitz [56], so we also use it in order to simplify comparisons with the litera-
ture.
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As a comparison, (AQ)E“ given in [20, rel. (26)] has complicated
and uninterpretable expressions while (63) is an interpretable
closed-form expression obtained thanks to the choice of the ori-
gin of the phases in the middle of the ULA.

The approximate SRL solution of (60) are given from the derived
SCRB for circular sources (50)-(53) by

1 5N2(1+42Nr(1+|plcosg)) \'* (68)
2TE; 12(N2 —1)(N2 —4)(1 + |p| cos ¢)2 ’
for all ¢, and for rectilinear sources (54)-(57), by:
1 (1+p2 +2Nr(1—p?)(1 - p'cos Ag))\
(AG)S,Rec% - 2 ’
2T&; 2(N2 = 1)(1 = p2)2sin® A¢
for Ag # 0, (69)

(AB)s cir ~ (

1 5N%(1 +4Nr(p’ + 1))
AT r2(N2 = 1)(N2 - 4)(p’ +1)?

1/4
) , for A¢p =0,
(70)

(ABO)s Rec ~ (

5.2. General comments

This section sheds light on the influence of various parameters
involved in the SRLs expressions (63)-(70) such as the number T
of snapshots, the number N of sensors and signal and noise pa-
rameters (r, &1, &, p, ¢, p’/, A@). It also compares SRLs deduced
from SCRBs to those deduced from DCRBs.

5.2.1. Impact of parameters r, N and T on SRLs

The SNR r impacts the DCRB-derived SRL in a manner similar as
the number of snapshots T. As for the SCRB-derived SRL, its impact
is more complex to analyze. But it is similar for a large SNR and
on the other hand, for a weak SNR and N, r2 impacts the SRL in a
manner similar to T.

Moreover for large values of N, the number of sensors N im-
pacts all the SRLs in a similar way to T because for the DCRB-

derived SLRs N ~ & and N ~  in (63)-(66) and (67),

respectively, and for the SCRB-derived SLRs %;W
(1402 +2Nr(1-p"2)(1=p’ cos AP)) . 2(17;;’2)(1 —p' cos Ag) and
r(N2-1)
N:((I\};A]l\l)r(g\lp;j))) 41 in (68), (69), and (70), respectively.

Now, the dependence of the SRL on T and therefore on r and N
depends largely on the data assumptions of the model, for which
we have two types of dependencies. For the deterministic model
with arbitrary unknown sources and the stochastic model with
circular sources, the SRLs are proportional to the inverse of the
fourth root of T. This behavior is similar for deterministic unknown
and stochastic rectilinear sources with A¢ = 0. In contrast, for de-
terministic unknown rectilinear and stochastic rectilinear sources
with A¢ # 0, the SRLs are proportional to the inverse of the square
root of T, which can give a much lower SRL. This behavior is simi-
lar when the sources are known (arbitrary or rectilinear).

1+|p\c05¢

5.2.2. Impact of parameters &, and &, on SRLs

The non-Gaussianity of noise in the deterministic data model
and of observations in the stochastic data model impacts the SRLs
through the coefficients &; and &, respectively. These coefficients
influence the SRL in an equivalent way to the numbers of samples
T&; and T&,, respectively.

While &; is always greater than or equal to one, & can be
greater or less than one [43]. This proves that the Gaussian dis-
tributed observations (i.e., &, = 1) does not lead to the largest SRL
based on the SCRB. As examples, we prove in the Appendix that
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Fig. 1. Comparisons between stochastic SRLs for circular sources (68), rectilinear sources (69), and between deterministic SRLs for known arbitrary sources (63), unknown
arbitrary sources (64), known rectilinear sources (65) and unknown rectilinear sources (66) for either Gaussian noise or observations (i.e., & = &, = 1) as function of SNR,

with N = 6.
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Fig. 2. Comparisons between stochastic SRLs for circular sources (68), rectilinear sources (69), and between deterministic SRLs for known arbitrary sources (63), unknown
arbitrary sources (64), known rectilinear sources (65) and unknown rectilinear sources (66) for either Gaussian noise or observations (i.e., & = & = 1) as function of SNR,

with N=6 and ¢ = A¢ = /3.

the expressions of & and &, for the normalized complex Stu-
dent’s t—distribution of degree of freedom v > 2, are given by
& = @72%@(/]}2/)2% >1and & = (U(/"Z/)Z% <1, and for the nor-
malized generalized Gaussian distribution with exponent s > 0,
re+¥hri)

(ra+iH)?
[resp., & > 1]if 0 <s < 1 [resp., s > 1].

Finally, note that the complex angular elliptical (CAE) distribu-
tion which is obtained by normalizing any centered C-CES distri-
bution [33] is an interesting case because the ML estimate of its
scatter matrix is the Tyler’'s M-estimator [57]. Based on the Fisher
information analysis [42, eq. (20)], we deduce that the SCRB for
the CAE distribution, which is independent of the C-CES generat-

are given by & = >1 and & = {5 where & <1

ing function g(.), is given by (14) with & = NLH despite this dis-
tribution is not a C-CES distribution. This result is consistent with
the invariance and the efficiency of the ML estimator, which allows
us to directly deduce & = &; ryier = NN? from the asymptotic dis-
tribution of the Tyler's M-estimator. Note further that for the CAE
distribution the SCRB for DOA is equal to the asymptotic minimum
variance bound (AMVB) [58] based on the Tyler's M statistics. It
follows from the C-CES distribution-free property of the asymptotic
distribution of the Tyler's M estimator, that for arbitrary second-
order C-CES distributed observations y;, the AMVB for DOA based
on the Tyler’s M statistics is equal to the SCRB given by (14) where
& = NLH As a result, all the analysis of the SCRB-derived SRL ap-
ply to AMVB-derived SRL based on the Tyler's M statistics.



H. Abeida and J.-P. Delmas

-10 -5 0 5 10
SNR(dB)

20

@ |p| = 0.5

Signal Processing 195 (2022) 108478

0.98

0.96

0.94

0.88

0.86 L L L L L

-10 -5 0 5 10
SNR(dB)

®) ¢ =7/6

20

Fig. 3. Ratior; = (AQ)%““/(AG)S,C“.C (i.e., (64)/(68)) for either complex Gaussian noise or observations (i.e., & = & = 1) as a function of SNR with N =6 and T = 500.
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5.2.3. Impact of parameters p, ¢, p’ and A¢ on SRLs

The different SRLs are functions of the magnitude of the cor-
relation of sources, but also of the phase and this dependence
depends on the considered SRL. Thus, SRLs for known arbitrary
sources (63) and known rectilinear sources (65) are respectively in-
creasing functions of |p|cos¢ and p’ cos A¢, which is unbounded
for p and p’e!2? approaching one, respectively.

In contrast, the SRL (64) deduced from the DCRB for arbitrary
unknown sources and the SRL (68) deduced from the SCRB for
circular sources with large SNR are both decreasing functions of
|p| cos ¢. Note that, for |p| # 1, the DCRB-derived SRL (64) and the
SCRB-derived SRL (68) are both minimal for ¢ = 0, and are max-
imum for ¢ = . On the other hand, for |p| =1, these SRLs are
minimal for ¢ = 0 and go to infinity for ¢ = 7.

It can also be seen that the DCRB-derived SRL (66) and
(67) and SCRB-derived SRL (69) and (70) for rectilinear sources

10

1 T T

0.9

0.8

0.7

15 20 25

10
SNR(dB)
(b) Ap =7/6

30

/(AB)s rect (i€, (66)/(69)) for either complex Gaussian noise or observations (i.e., & = & = 1) as a function of SNR with N =6 and T = 500.

depend strongly on the correlation phase. A non-zero correla-
tion phase greatly improves the SRL due to the proportionality
of SRL in (.)V/2 instead of (.)!/4 for zero-phase. Note that the
DCRB-derived SRL (66) and the SCRB-derived SRL (69) are re-
/ 2. /102
spectively minimum for A¢ = tan‘l(%) and A¢ =
-V1-p
2Nrp’(1—p/2)
2Nr(]—p/2)+p/2+lf\/4N2r2(1—p/2)3+4Nr(l—p/4)+(,0/2+1)2
1]'/2. These values become equal for a high SNR and are equal

to /2 for uncorrelated sources (p’ =0). These SRLs are both
maximum for A¢ = 0.

tan~1[( )2 —

5.2.4. Comparisons between SRL deduced from DCRB and SCRB
Comparing the SRL derived from the DCRB when the sources
are unknown arbitrary (64), unknown rectilinear with A¢ #0
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Fig. 5. (a) Deterministic SRL for unknown arbitrary sources (64) and (b) stochastic SRL for circular sources (68) for either normalized complex Student’s t-distributed noise
or observations as function of v > 2 for three values of N with |p| = 0.5, ¢ = /3, SNR = 10dB and T = 500.

Threshold SRL

N=10

0.08 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6

exponent s

~
[e-]
©

(a) Deterministic for SRL unknown arbitrary sources

Threshold SRL

exponent s

(b) Stochastic SRL for circular source

Fig. 6. (a) Deterministic SRL for unknown arbitrary sources (64) and (b) stochastic SRL for circular sources (68) for either complex normalized generalized Gaussian dis-
tributed noise or observations as function of exponent s > 0 for three values of N with |p| = 0.5, ¢ = /3, SNR = 10dB and T = 500.

(66) and A¢ =0 (67) to that deduced from the SCRB when
the sources are respectively circular (68), rectilinear with A¢ #0
(69) and A¢ =0 (70) in Gaussian data models (ie., & =&, =1),
we see that these SRLs each tends to the same limit when r in-
creases. This property is consistent with the general result [26,
RI] proved in the Gaussian framework that states that the DCRB
and SCRB tend to the same limit as all SNRs increase.

As for the SRL (63) deduced from the DCRB with known source
signals which is the only expression of SLR [20] for correlated
sources published in the literature, we see that the knowledge of
rectilinearity of the source signals which adds an unknown phase
parameter does not modify this SRL (65). Naturally, these SRLs are
more optimistic than the SRLs resulting from the DCRB with arbi-

1

trary unknown sources and SCRB for circular sources, due to the
proportionality of SRL in (.)!/2 instead of (.)1/4.

6. Numerical illustrations

This section illustrates the dependence of the derived DCRB
(and SCRB)-based SRLs expressions (63)-(70) on various parame-
ters such as the number of sensors, the number of snapshots and
the signal and noise parameters. Throughout this section (except
in Figs. 6 and 10), the number of sensors N is fixed at 6 and that
of snapshots T at 500. Note first that our interpretable closed-form
expressions (64)-(70) of SRLs only give approximate solutions of
(60). Their relative precisions depend on the different parameters,
but from our different calculations, we can say that they are in-
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Fig. 7. Deterministic SRL (66) with unknown rectilinear sources and stochastic SRL with rectilinear sources (69) for either complex Gaussian noise or observations (i.e.,
& =&, =1) as a function of the noncircularity phase separation A¢ with N = 6, SNR = 10dB and T = 500 for positive (a) and negative (b) values of p’.

creasing functions of the different SRLs and that they are better
than 1% as soon as our calculated values of SRL are lower than
0.5rd. This good precision of our approximations can be explained
by the expansions in § that are even, and truncated to order two
or four.

In the first experiment, Figs. 1-4 compare the different SRLs
(63)-(70) with respect to the SNR under the assumption of Gaus-
sian noise or observations (i.e., & =&, = 1). Figs. 1 and 2 clearly
show that the SRL derived under the assumption of known sources,
which is the only result published in the literature [20] is very op-
timistic with respect to other SCRB (and DCRB)-derived SRLs, es-
pecially for a correlation or non-circularity phase equal to zero.
On the other hand, the DCRB-derived SRLs are lower than the as-
sociated SCRB-derived SRLs for both circular and rectilinear un-
known sources, similarly to the behavior of the associated CRBs.
Note however that the DCRB (and SCRB)-derived SRLs are very
close, except in the case of strongly correlated rectilinear sources
with non-zero phase (see Fig. 2b).

Fig. 3 and 4 clarify this point by plotting the ratios
(AO)STK/(AB)s cire and (AQ)IK . /(AD)s reci. One can observe that
these ratios deviate all the more than one as the SNR is lower, as
it has already been noticed in [26] when analyzing the relation be-
tween DCRBU“k(Qk) and SCRB;; (6)). Note also that the magnitude
and phase of the correlation impact these ratios in different ways
for circular or rectilinear source signals. This ratio is lowest for un-
correlated circular sources (p = 0) and for strongly correlated rec-
tilinear sources of correlation phase not close to zero (p’ ~ 1 and
A¢ #0).

In the second experiment, Figs. 5 and 6 illustrate the impact of
the non-Gaussianity of the noise on the DCRB-derived SRL implied
by the influence of the coefficient £; and of the observation on the
SCRB-derived SRL implied by the influence of the coefficient &,. We
consider here the normalized complex Student’s t—distribution of
degree of freedom v > 2 and the normalized complex generalized
Gaussian distribution of exponent s > 0, which each include the
Gaussian distribution for v — oo and s = 1, respectively. For these
two distributions, the expressions of & and & depend not only
on the parameter of the distributions, but also on N that are calcu-
lated in Appendix. One can observe from Figs. 5 and 6 that plot the
SRLs as a function of v or s for three values of N, that: (i) similar to
the well-known result on DCRB in which the Gaussian distribution
leads to the largest DCRB (&; > 1), the DCRB-derived SRL is maxi-
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Fig. 8. Deterministic SRL (66) with unknown rectilinear sources and stochastic SRL
with rectilinear sources (69) for either complex Gaussian noise or observations (i.e.,
& =& =1) as a function of p’ with A¢ =7 /2, N=6 and T = 500.

mum for the Gaussian distribution and takes very small values in
the case of very heavy-tailed distributions (i.e., v close to 2 and s
close to 0); (ii) similar to the less known result on SCRB in which
the Gaussian distribution does not always lead to the largest SCRB
(for the normalized complex Student’s t—distribution &, <1 and
for normalized complex generalized Gaussian distribution &, <1
for s <1 and & > 1 for s > 1), the SCRB-derived SRL is minimum
for v — oo (Gaussian distribution) and for s — oo light tail distri-
bution.

In the third experiment, Figs. 7-10 illustrate the impact of
the correlation (phase and magnitude), the SNR, the number of
snapshots and sensors on the DCRB (and SCRB)-derived SRLs.
Figs. 7 and 8, dedicated to SRLs depending on rectilinear sources
for which p = p’e®® with p’ e [-1,+1] and A¢ €[0.7] and
Fig. 9 dedicated to SRLs depending on unknown arbitrary or cir-
cular sources for which p = |p|ei® with ¢ € [0,2m], present the
important role played by the correlation of the sources. It can be
observed from Figs. 7 and 8 that the SRLs increase with p’ but not
symmetric in A¢ and leads to a minimum SRL depending on p’, N
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1) as a function of the angle (a) and magnitude (b) of the correlation with N = 6, SNR = 10dB and T = 500.
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Fig. 10. Stochastic SRL with circular sources (68) and stochastic SRL with rectilinear sources (69) for complex Gaussian observations (i.e., & = 1) as a function of number of
sensors N (a) and number of snapshots T (b) with N=6, |p| = p’=0.5 and ¢ = A¢p = /3.

and SNR as indicated in paragraph 3 of Section 5.2, and are min-
imum for A¢ =m/2 only for p’ =0. Fig. 9 shows that the SRLs
increase with |p| and it is symmetric with respect to ¢ = 7 /2 and
are minimum for ¢ =0 and maximum for ¢ = 7 as depicted in
paragraph 3 of Section 5.2. Fig. 10 compares the SCRB-derived SRLs
for circular and rectilinear sources for different values of SNRs,
number of snapshots and sensors. It shows that similar to the well-
known behavior of SCRB, the SRL is much smaller for rectilinear
sources than for circular sources when the phase of correlation is
not zero.

Finally, to illustrate that the correlation phase of the sources
impacts not only the CRB and thus the SRL, but also the resolu-
tion performance of the ML and MUSIC algorithms, a Monte Carlo

13

simulation is presented in Fig. 11. This figure shows the predicted
SRL (A0)s cir given by (68), the N./SCRB;; (80)/2+/3 and the RMSE
(1000 Monte-Carlo runs are performed for each simulation point)
of the difference of the DOA estimates versus A6 difN(S@/%@ for
two values of correlation phase ¢ =0 and ¢ = . We can see
from the two figures: the dependence of the SRL on the correla-
tion phase which moves from 0.032 when ¢ =0 to 0.078 when
¢ = m, and that the RMSE associated with the ML reaches the CRB
in the resolvable region and that the reached region is reduced for
¢ = 0. It can also be observed that the resolution performance of
the ML estimator outperforms that of the MUSIC algorithm which
is strongly affected by the phase correlation. While in the unre-
solved region where the two sources are no longer resolved, the
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Fig. 11. The predicted SRL (68), the N/SCRB;;(§0)/2+/3 and the RMSE (1000 Monte-Carlo runs are performed for each simulation point) of the difference of the DOA
estimates versus A6 for the ML estimator and the MUSIC algorithm for complex circular Gaussian observations (i.e., & = 1) considering the two cases (a) ¢ =0 and (b)

¢ =m with N=6, |p| =0.95, T =500, and SNR= 30dB.

ML breaks away from the CRB as well as the MUSIC algorithm.
These results ensure that the SRL can not be achieved in general
as was discussed in [15].

7. Conclusion

Simple exact and asymptotic (for small DOA separation) inter-
pretable closed-form expressions are presented for the DCRB and
SCRB of the DOA for two equi-powered correlated known, arbi-
trary, circular or rectilinear sources in CES data models. The depen-
dence of these bounds on the magnitude and phase of the correla-
tion is examined, and the values of the phase leading to the larger
and smaller bounds are obtained. The asymptotic expressions of
DCRB and SCRB allow us to give interpretable closed-form expres-
sions of the SRL based on the Smith criterion in different scenarios.
Comments to explain how different parameters impact the derived
SRLs among them the phase and magnitude of the correlation of
the sources, and how also the SRLs derived from the SCRBs are
much less optimistic than those that have so far been deduced
only from the DCRB under the assumption of known sources are
discussed. Finally, numerical illustrations clarify the obtained the-
oretical results.
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Appendix

Derivation of the SCRB for two equipowered sources:

After some algebraic manipulations, one arrives at the follow-
ing expressions of the diagonal SCRBgi (6. 6,), k=1,2, and the
anti-diagonal SCRBg;; (01, 6,) elements of SCRB;; (@) for two equal-
power circular correlated sources deduced from (14).

1 Y Xk

SCRBj; (Bk, 6k) = — 0 k=1,2, 71
cir (O O) 2TE Yoxz — 12, (71)
1 Y X2
SCRB(; (01, 6;) = — — s 72
cir (01, 62) 2TE Yoo - 12, (72)
with x, =oa3_,v1, k=1,2, and x;, = @7 ,v; where
v =r(1—[p>)(N* = B*) + 2B|pl cos(¢) + N(1 + | p|*),  (73)
vy = B +rlp|cos(@)(1—[p*)(N* — B?)
+1p| (2N cos(¢) + Blp| cos(2¢)). (74)
y = (1—[plP)(N* = %) + 2(N + B|p| cos(¢))/r+ 1/r*,  (75)

where o, and o4, are the geometric-dependent array coefficients
given by o = diTIdy and a; , = diTT;d,.

Similarly, the diagonal SCRBgec (6, 6)), k=1,2, and the anti-
diagonal SCRBgec(6;,6;) elements of SCRBge.(f) for two equal-
power rectilinear sources deduced from (15) can be written as:

_ L va
SCRBREC(GIO 9’{) - TSZ C3 s k= 15 25 (76)
1 yc
S R (77)
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with
1 = 85(8d +87) — 02(82 — ¢3) — 28atsl. (78)
¢ = L6802 — {648 — 38885 + {384l + $7888e — $78als, (79)

3 = &s(0(—Gals + 85 +83) + 888s) + 63 (5162 — &) — 281888alo
+287 (865880 — $6548s — £26380 + £3888a) + 28663 (5480 — E88s)
+¢2(5285 - ¢3) + 82 (8285 — ¢2) (80)

with ¢, =@y, k=1,2,3,4,5, and §, = @, k=6,7,8,9, where
vy, YV and y are given, respectively, by (73), (73) and (75) af-
ter replacing N with 2N, peC with p’e (-1, 1), and B
with B def éféz =2pBcos(A¢). The @, are the geometric and
phase-dependent array coefficients given by &; = fl’f n;\a], Gy
GHTLds Ga — dHTILd 5 — dHLd 5 _ qH d 5
ilz H;“(}z, o3 =~d] H/Jildd’l' (67} =~d2 Hgd¢2' U5 = d¢~1 Hjid(bj’ g
d’fl'[idz, a7 = d’fl‘[idm, ag = d’;l‘[ﬁdd,1 and dg = dgl l'[f%\d¢2.
2 2

Derivation of & % 7“‘752(1%)% and & & 75[&&93)9[]:

Normalized complex Student’s t—distribution:

Note first that the wusual zero mean complex Student’s
t—distribution used in [33,41] of the data y; associated with the
scatter matrix X satisfies E(y:yH) = 75X for a degree of free-
dom v > 2. Consequently, we need to normalize this usual distri-
bution so that its covariance is equal to the scatter matrix. Its den-

sity generator then becomes g(t) = (1+ A)f(N”/z)

V-2
o) = (%?% The 2nd-order modular variate Q; then has a

scaled F—distribution with 2N and v degrees of freedom, Q; =4

L2 NEy, with pAf p(t) = (ot (14 25)
t > 0, where B(x,y) is the Beta function. A straightforward calcula-
tion proves that & = (v;’2/)2_1 (‘}(/"2/)2% and & = (v(/"z/)z%

Normalized complex generalized Gaussian distribution:

The general density generator for zero mean complex general-
ized Gaussian distribution with exponent s > 0 and scale b asso-
ciated with the scatter matrix X is given in [33] by g(t) = et'/b
and hence ¢(t) = $t5-1. The 2nd-order modular variate Qr =4 G\
where G; is gamma distributed with shape N/s and scale b. The

p.d.f. of O is given by p(t) = Wt”’lg(t). Note that b, which

controls the scale of the density generator, ensures that the co-
NC(H N

TRt )) . With
this value of b, a straightforward calculation proves that & =
re+ 8L, _ Nis

rame a6 =

Finally, note that & depends on the normalization of the CES
distributions, unlike &, for which its normalization does not impact
it (see &, given in [41] and [42]).

and hence

variance is equal to the scatter matrix for b=<
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